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Abstract

This paper characterizes the firm size distribution by exploit-
ing establishment-level censuses covering both formal and
informal firms in Sub-Saharan Africa. The paper finds a
“missing middle” in the employment-based size distribu-
tion of firms in four Sub-Saharan African countries. This
“missing middle” hinges on the inclusion of informal firms,
and it is not explained by state- or foreign-owned firms at

the top of the size distribution, nor does it emerge from
the size distribution of entrants. The paper reconciles these
empirical results with a model of firm dynamics with endog-
enous informality and shows that calibrated values of entry
barriers and productivity-dependent idiosyncratic distor-
tions generate a “missing middle” that is consistent with
its underlying drivers in the data.
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1 Introduction

In the quest for explaining the drivers of the observed wide gaps in total factor productivity across
countries, a large and growing literature has emerged focusing on cross-country differences in the
size distribution of manufacturing firms. A conjecture in part of this literature is that the size distri-
bution of firms in developing countries exhibits a "missing middle" that reflects market frictions and
policy distortions that discourage production at an intermediate scale; thereby reducing aggregate
productivity. However, the literature evaluating this hypothesis has not yet been conclusive. Tybout
(2000) and Tybout (2014) document a lower employment share accounted for by middle-sized firms
in low-income countries, while Hsieh and Olken (2014) argue against the missing middle providing
an adequate characterization of the firm-level data in these countries.!

In this paper, we revisit the missing middle hypothesis by exploiting a set of comprehensive
tirm-level databases from four Sub-Saharan African economies, a region where some of the under-
lying frictions and distortions are arguably most likely at play (see for example Cirera et al., 2019).
One challenge when characterizing the "true" distribution of firms in developing countries is lack
of firm-level data covering the informal sector since businesses operating informally often do not
appear in official registrar records (Aga et al., 2022). To this end, we compile detailed and com-
prehensive censuses of establishments including informal producers in four Sub-Saharan African
countries, namely Burkina Faso, Cameroon, Ghana, and Rwanda.?

A unique advantage of these datasets is that they cover all businesses in the non-agriculture sec-
tor with a physical location, including both formal and informal (unregistered) firms. Each dataset
provides information on the establishment’s registration status with various government agencies
and its bookkeeping practices. This information is used to construct comparable definitions of in-
formality across countries and assess the robustness of the results to alternative definitions. A lim-
itation of this data, on the other hand, is the lack of financial information about the establishment,
restricting our definition of size to the number of employees and forbidding any measurement of
productivity at the firm level.?

The analysis of the data shows a missing middle in the employment-based size distribution of
firms and proceeds to deconstruct it into its potential drivers. The main finding is that the missing
middle emerges only under the inclusion of informal establishments in the economy. Restricting the
analysis to formal firms leads to a lower average size than in advanced economies but a shape of
the size distribution that resembles qualitatively that in the U.S. A first conclusion to be drawn from
this result is that imperfect coverage of the informal sector may lead to omittin the missing mid-
dle. The second conclusion, to be reinforced below through other elements of the deconstruction,
is that the missing middle is informative of the mechanisms through which distortions manifest
in the economy. In particular, it points toward distortions that reduce average formal-sector size

! Further details on the specific findings from these authors are provided in section 2.

> The choice of these countries is primarily dictated by the availability of comprehensive firm-level data covering both
formal and informal firms.. Furthermore, in this paper, the terms establishment, enterprise, firm, plant, and producer
are used interchangeably unless otherwise indicated.

% The data do not allow decomposing formal and informal employment within a formal firm, an intensive margin that
was highlighted as important in Ulyssea (2020) and Ulyssea (2018). Notice, however, this distinction does not affect the
observation of a missing middle, but may interfere with the inference of it not being present in the size distribution of
formal employment.



while concentrating employment in small-sized businesses through the proliferation of an informal
sector rather than through a reallocation from the middle to the bottom of the formal sector’s size
distribution.

A second step in the deconstruction of the missing middle is to assess whether it is observable in
the size distribution of entrants. A plausible conjecture regarding firm demographics in developing
countries is that it is characterized by little growth and turnover of firms, a feature that would moti-
vate the missing middle to emerge at entry. Our evidence refutes this conjecture, as it shows a size
distribution of entrants where the employment share of the largest firms is significantly lower than
in the whole economy’s distribution. Rather, our data shows the growth of the right tail and a de-
pletion of the middle as an outcome of growth and churning in the formal sector over the course of
the life cycle. Inspecting the size distribution of firms across various cohorts, we find that the formal
firm size distribution reallocates employment from the bottom to the top of the distribution as the
cohort ages, whereas the informal firm size distribution remains rather stable. The missing middle,
then, is an outcome of stagnant informal businesses and growing formal producers conditional on
survival.®

The last two steps in the deconstruction involve assessing the role of state and foreign-owned
enterprises in accounting for the employment share at the top. Also motivated by the conjecture
of little growth and turnover of firms in less developed countries, a plausible explanation for the
employment concentration among large firms may be attributed to state and foreign-owned enter-
prises. Able to circumvent domestic distortions hampering firm growth, these enterprises stand
out as prominent large employers in the economy. The data, however, attributes a weak role to this
channel. Even conditioning on domestic and private firms, a missing middle emerges in the data.

Another key component in the deconstruction of the missing middle is the role of entry barri-
ers and productivity-dependent idiosyncratic distortions in explaining the missing middle and its
driving forces. To this end, the paper extends a standard model of firm dynamics and feeds it with
calibrated values of entry barriers and idiosyncratic distortions using the Ghana’s census of manufac-
turing firms covering the universe of formal establishments. The calibration strategy of distortions
follows the approach in Fattal-Jaef (2022). The productivity-elasticity of idiosyncratic distortions is
calibrated as the regression coefficient from projecting between logT'F' PR and logT F' P(Q), defined
as in Hsieh and Klenow (2009), and the entry barrier is inferred residually so that the distorted
economy’s average formal firm size replicates the Ghanaian economy.

Equipped with these estimates of the distortions, a model of firm dynamics with endogenous in-
formality is proposed to characterize their implications for the firm-size distribution and aggregate
outcomes. The model treats formal and informal goods as imperfect substitutes. Consumers con-
front a nested constant elasticity of substitution demand system combining baskets of formal and
informal varieties. There is endogenous entry to the formal and informal sectors. Upon entry, formal
producers are endowed with an endogenous innovation technology that shapes growth over their
life cycle. The informal sector’s productivity evolves exogenously. Both supply and demand side
forces interact in shaping the economy’s response to the distortions. When these are introduced,

* The inference on the life-cycle properties of the firm-size distribution is limited by the cross-sectional nature of the data,
which do not allow disentangling the role of firm growth from the role of survival in explaining the rise of the right tail
of the formal firm’s size distribution.



the entry to the formal sector declines, formal firm growth flattens, and formal varieties become
relatively more expensive. As a result, consumers switch expenditures from formal to informal va-
rieties, motivating a rise in firm entry into the informal sector. The calibration exercise quantifies
these mechanisms when both distortions interact and when they are introduced in isolation.

Importantly, an empirically plausible missing middle emerges when there are both entry barri-
ers and idiosyncratic distortions at play. Entry barriers polarize employment in smaller and larger
tirms, but the allocation of employment is excessively concentrated at the top. This is because, while
fostering informality, entering formal firms confront less competition and therefore increases their
average size. Idiosyncratic distortions can also generate a rise in the informal sector, and thus re-
allocate employment towards small informal producers. However, the productivity-dependent na-
ture of idiosyncratic distortions reallocates formal employment from large to middle-size firms, a
force that counteracts the emergence of the missing middle. When they interact, the limitations of
each distortion are attenuated and a missing middle comparable to the ones in our data emerges.
Specifically, we find that these distortions can account for three-quarters of the observed informal
employment in Ghana and reduce aggregate T'F'P by 12%.

The rest of the paper is organized as follows. Section 2 briefly reviews the debate about the
existence of the missing middle. Section 3 describes the data used in the analysis, and section 4
discusses the findings. Section 5 describes the model, and section 6 presents the calibration and
quantification exercise. Section 7 concludes.

2 Links to the Literature

The analysis presented lies at the intersection of the literature debating the existence of a missing
middle in the size distribution of firms in developing countries and the body of work document-
ing properties of informal production and quantifying their aggregate implications. We begin dis-
cussing our placement in the missing middle literature and then turn to provide our contribution to
the broader literature on distortions, informality, and cross-country differences in productivity.

2.1 The Missing Middle Debate

Our motivation for assessing if a country’s firm size distribution features a missing middle lies in
that it conveys information about the nature of the underlying distortions in the economy. This
diagnostic value of the missing middle becomes particularly useful when a lack of detailed firm-level
data precludes any firm-level characterization of the economy besides the measurement of firm size.
As is the case in the Sub-Saharan African countries that we cover, where we only have information
on the employment composition of the firms but have no information about their balance sheet,
any direct inference of distortions based on this information is not possible. However, since the
size distribution is part of an economy’s equilibrium, it is shaped by underlying drivers of resource
allocation. While not providing a unique mapping to the exact combination of distortions at play,
we argue that by combining a theory of the firm size distribution with candidate distortions, we can
assess the ability of these distortions to generate a firm size distribution as in the data. In this paper,
we propose as plausible distortions to explain the missing middle, entry barriers and idiosyncratic



distortions.

Besides the conceptual motivation, our work is also inspired by the conflicting results in the
missing middle literature. Tybout (2000) presents the distribution of employment shares by firm
size for 19 countries and documents a spike in the 1-4 size category which drops off quickly in the
middle size category of 10-49 before rising again for the largest firms. Tybout (2014) proposes a
parametric assessment of the existence of a missing middle by comparing the share of employment
in medium-sized firms in the data against the implied share from a Pareto distribution fitted to the
firm size distribution in the U.S. The author shows that a missing middle emerges also under this
definition.

In an influential reassessment of the missing middle hypothesis, Hsieh and Olken (2014) argue
that the theories of the missing middle are about firms rather than employment, and hence postulate
the unweighted firm size distribution as the relevant metric. They show that the firm size distribu-
tion is unimodal and that a missing middle emerges only under the restrictive assumptions of an
employment-weighted distribution with size classes grouped into wide bins.

As stated earlier, our view is that documenting the pervasiveness of a missing middle in the
employment-based size distribution is of informational value to uncover distortions hampering ag-
gregate productivity. Moreover, besides being more likely to portray a missing middle, Hopenhayn
(2014) shows that focusing on employment-weighted distributions is also the conceptually sound
approach for diagnosing distortions and assessing their aggregate effects. Against this backdrop,
our contribution to the missing middle debate is to document the pervasiveness of the missing mid-
dle in the employment-based size distribution of four Sub-Saharan African economies and highlight
its dependence on the consideration of informal producers.

2.2 Modeling Informality

The second part of our paper, where we propose a quantitative model of firm dynamics with an in-
formal sector, touches upon a large literature on distortions, informality, and aggregate productivity.
Building on the pioneering model of the informal sector proposed in Rauch (1991), a large quantita-
tive literature emerged studying the role of varying types of distortions in explaining the prevalence
of informality and in accounting for the aggregate productivity differences across countries. Salient
examples in this area are Antunes and Cavalcanti (2007), D’Erasmo and Moscoso Boedo (2012), Or-
dofiez (2014), Lopez-Martin (2019), Alvarez and Ruane (2019), and Ulyssea (2018) among others.

We provide three points of departure from this literature. First, we model informal and formal
consumption goods baskets as differentiated products through a CES demand system. This channel
brings the reallocation of expenditure across types of goods as a new and realistic margin of adjust-
ment, complementing the supply side forces covered in the existing work.”. Second, our quantitative
analysis is disciplined by seeking to establish a tight connection with the missing middle in the firm
size distribution. While the existing work appeals to statistics of the firm size distribution of for-
mal and informal firms to calibrate parameter values, the focus is on aggregate effects, rather than
seeking to account for the shape of the distribution. Last, we feed broad measures of entry and

> Empirical studies documenting the importance of differentiating formal from informal expenditure are Bachas et al.
(2020) and Atkin et al. (2018)



allocative wedges in the economy identified jointly from the firm-level data and the model’s equi-
librium (Fattal-Jaef, 2022). While less informative than studying how a specific distortion within a
class of distortion shapes informality and aggregate productivity, as is the case in most of the lit-
erature, our approach subjects the entire class of distortion to a higher hurdle, namely its ability to

generate a missing middle in the size distribution.®”

3 Data

Firm-Level Data in Sub-Saharan Africa

The lack of suitable data constitutes one of the main challenges associated with testing the miss-
ing middle conjecture. Even though the information required for this type of exercise is extremely
basic—the power of looking at the size distribution to assess broader macroeconomic patterns pre-
cisely lies in its simplicity and low data requirement—the availability of such information proves
to be an extremely binding constraint in developing countries. Such data availability is particularly
challenging for most Sub-Saharan African countries, where informality is larger. Additionally, in
view of the pervasiveness of informal economic activities in these countries, it is necessary that re-
visiting the question of a missing middle should use census data of both formal and informal firms
across the entire spectrum of sizes.

Fortunately, over recent years, a number of Sub-Saharan African countries have engaged in es-
tablishment censuses as part of wider programs aimed at informing economic policies. Crucially for
our purpose, the census is by definition taken of all establishments, including unregistered ones, so
the ensuing data is representative of the true size distribution. These censuses are typically nothing
more than business registers and essentially include contact and location information, legal form,
records of business registration, tax and other administrative data, type of economic activity, and
the number of workers, which is the crucial element for our purpose.

For this analysis, we obtained establishment censuses from the statistical agencies of some se-
lected Sub-Saharan African countries, namely Burkina Faso, Cameroon, Ghana, and Rwanda. The
selection of these countries is primarily because their census datasets feature a number of character-
istics that make them closer to the true size distribution. On the whole, these data are consistent with
Lewis (1954) widely held view of developing economies as characterized by the coexistence of a few
capital-intensive industries and a mass of inefficient businesses (”tiny islands of capitalist employ-
ment surrounded by a vast sea of subsistence workers”). Specifically, small establishments (fewer
than ten workers) represent the overwhelming majority of the manufacturing sector in our datasets;
for comparison, small businesses account for less than half the manufacturing establishments in

®To fix ideas, idiosyncratic distortions are a class of distortions causing allocative inefficiency. Financial frictions are a
specific distortion within this class. Similarly, business registration costs are a specific example within the class of entry
barriers.

7 Alvarez and Ruane (2019) also consider idiosyncratic distortions alongside other specific frictions in the context of Mex-
ico. In our model, however, these distortions are strongly increasing with the physical productivity of the firms, an
elasticity which we estimate from the firm-level Ghanaian data. Moreover, the productivity elasticity of distortions in-
teracts with the endogenous innovation decisions of firms, absent in their work. We show that endowing firms with an
endogenous life-cycle constitutes an important mechanism through which distortions generate a missing middle in the
distribution.



the U.S. Moreover, our datasets do not present any obvious censoring or threshold for inclusion in
the census. To the best of our knowledge, our contribution is the first that encompasses the entire
manufacturing sectors—including informal establishments—of Sub-Saharan African countries in a
comparative fashion.®

Summary of Firm-level Data from Selected Countries in Sub-Saharan Africa

Burkina Faso. The data comes from the census conducted in 2016 by Institut National de la Statis-
tique et de la Démographie (INSD). It covers establishments mainly in the non-agriculture sector
and contains records such as an establishment’s industry classification, age, employment, account-
ing practices, state ownership, and foreign equity. Establishments are classified into formal and
informal depending on whether they have a registration number (with mobile trade and mobile
credit, tax identification number) and use SYSCOA as an accounting standard.’

Cameroon. The data is obtained from the first Recensement Général des Entreprises (RGE) con-
ducted in 2009 by the Institut National de la Statistique (INS). The RGE covers all businesses of
the modern sector (that is, excluding non-commercial agriculture) with a physical location, specifi-
cally excluding the street trading industry (hawkers, peddlers, and others), the (car and bike) taxi
industry, and the callbox industry. It provides detailed information such as registration with ad-
ministrative agencies, tax payment, accounting practices, age, employment size, state ownership,
and foreign equity. In the census, formal establishments are considered formal if they prepare a Sta-
tistical and Fiscal Declaration (DSF) or those that do not prepare a DSF but which keep an operating
account and a partial account of balance sheets.!”

Ghana. The data comes from the 2014 Integrated Business Establishment Survey (IBES) conducted
by the Ghana Statistical Service. The IBES is an economic census of all business establishments (reg-
istered and unregistered) in the non-agriculture sectors of the economy. It has detailed information
about registration with administrative agencies, tax payment, accounting practices, age, employ-
ment size, state ownership, and foreign equity. The data contain records of an establishment’s regis-
tration status with government agencies, and formality is defined based on registration status with
Registrar General’s Department (RGD) and keeping formal accounts.!!

Rwanda. The source of the data is the 2014 Establishment Census (EC) conducted by the National
Institute of Statistics of Rwanda (NISR). The EC constitutes a virtually exhaustive business registry

¥ Our dataset is more comprehensive by enumerating all establishments. For example, Hsieh and Olken (2014) have
census establishments with 20 or more employees, but they have a sample of those with 20 or fewer workers in the case
of Indonesian manufacturing. Similarly, for Indian manufacturing, their dataset comprises a complete enumeration of
formal establishments with 100 or more workers and a sample of formal establishments with fewer than 100 workers
and informal ones. The exception is the Mexican manufacturing data, which comprises all establishments with fixed
locations.

? National Institute of Statistics and Demography (INSD). Analysis report of the XVII Industrial and Commercial Census.
November 2018.

' National Institute of Statistics of Cameroon (INS). General Census of Enterprises In 2009. September 2010.

" Ghana Statistical Service. Integrated Business Establishment Survey: Summary Report. September 2015.


http://www.insd.bf/contenu/enquetes_recensements/autres_enquetes/RAPPORT_ANALYSE%20_RICVII.pdf
http://slmp-550-104.slc.westdc.net/~stat54/nada/index.php/catalog/16
https://www2.statsghana.gov.gh/IBES_main.html

as it surveys every establishment that has a fixed location and operates an economic activity. The
ensuing microdata is comprehensive and detailed with respect to key establishment characteristics
such as location, registration and legal status, age, ownership and management, industrial classifi-
cation, and employment size. The census covers both formal and informal businesses. An estab-
lishment is considered to operate in the formal sector if it is registered with the Rwanda Revenue
Authority (RRA) and maintains regular operational accounts.'?

Table 1 summarizes the key features of the census data from these Sub-Saharan African countries.
We now turn to the description of each of the datasets. In Burkina Faso, 99,261 establishments hire
about 256,000 workers in 2015. The corresponding figures are 88,144 establishments and 430,000
workers in 2008 (Cameroon); 638,234 establishments and 3.4 million workers in 2013 (Ghana), and
154,236 establishments and 493,000 workers in 2013 (Rwanda). Establishments with foreign equity
or state ownership are rare in number and employ a small number of workers. Notable exceptions
are the employment shares of foreign-owned establishments in Cameroon (17 percent), and state-
owned enterprises in Ghana (15 percent) and Rwanda (14 percent).

Manufacturing production involves a small fraction of the establishments and the workforce in
the economy ranging from 7 percent (Ghana) to 17 percent (Burkina Faso) and 8 percent (Rwanda)
to 21 percent (Burkina Faso), respectively. It also involves a limited number of foreign-owned estab-
lishments, but they play a bigger role as sources of manufacturing employment. In Burkina Faso,
they constitute about 1 percent of the establishments and 7 percent of the employment in manufac-
turing. The corresponding figures are 5 and 25 percent in Cameroon, 1 and 7 percent in Ghana, and
1 and 17 percent in Rwanda. Likewise, state-owned establishments are less than 1 percent of manu-
facturing establishments. However, they contribute a small fraction to manufacturing employment;
about 1 percent in Burkina Faso, Cameroon, and Ghana, and 4 percent in Rwanda.

12 National Institute of Statistics of Rwanda (NISR). The Establishment Census, 2014. June 2015.


http://statistics.gov.rw/publication/establishment-census-report-2014
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4 Stylized Facts on the Firm Size Distribution in Sub-Saharan Africa

To analyze the size distribution in our sample of countries, the size of an establishment is approxi-
mated by the number of persons engaged in the production of its products or services. It comprises
both permanent and temporary workers, but there is no distinction between full- and part-time work-
ers. For our purpose, establishments are categorized into five size classes: 1-4, 5-9, 10-19, 20-99, and
100 or more workers. '3

Our exploration has generated a few stylized facts about the patterns and drivers of the size
distribution of manufacturing plants in Burkina Faso, Cameroon, Ghana, and Rwanda. Whenever
possible, we compare them to the well-known size distribution of firms in the U.S. for perspective.
In what follows we enumerate these stylized facts emerging from the data that suggest that the size
distribution of manufacturing plants is characterized by a missing middle.

Fact 1. Medium-sized manufacturing plants account for a relatively low employment share.

Figure 1 plots the distribution of establishments across the five size classes. It is shown that small
establishments dominate the size distribution. Specifically, establishments of size 1-4 workers con-
stitute more than 75 percent of all the establishments in the economy. Although a similar pattern is
observed in the U.S., the concentration in the small size categories is not to the same extent as ob-
served in our sample countries. Interestingly, the number of establishments monotonically decreases
when moving up to larger size classes, which represents a sharp decline compared with the pattern
in the U.S. Figure 2 also shows the preponderance of manufacturing establishments in smaller size
classes, featuring the same structural characteristics for manufacturing plants in Mexico, Indonesia,
and India (Hsieh & Olken, 2014). However, this sharply contrasts with the observation in the U.S.
where the distribution is more even. The monotonic and sharp decline in the density of establish-
ments with larger size classes highlights a rather low number of establishments in the intermediate
and large range of the production scale.

By contrast, figures 3 and 4 reveal a missing middle in the employment distribution. Most of
the workers are employed in either small or large establishments, and employment in the middle
size categories is well below the share of employment in the other size categories. For the U.S., the
monotonic increase in the distribution of employment shares across size classes confirms a major

difference in the structure of manufacturing between developing and developed countries.'*

'3 The appendix provides results based on different size cut-offs. The key findings still hold.

! Since the focus is on manufacturing production and the pattern of the establishment size distribution is clearly known,
the forthcoming discussion on the size distribution exclusively considers the employment distribution. Henceforth,
results on the establishment distribution and other sectors of the economy are relegated to the appendix and are only
referred to whenever necessary (see, for example, figures A.1 and A.2).
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Figure 1: Establishment distribution: Economy-wide
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Figure 2: Establishment distribution: Manufacturing
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excluded.
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Figure 3: Employment distribution: Economy-wide
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the data comes from the 2019 BDS dataset. Note: The figure is constructed based on data for establishments in all sectors
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Figure 4: Employment distribution: Manufacturing
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Source: Establishment censuses obtained from the statistical agencies of the select countries; see section 3. For the U.S,,
the data comes from the 2019 BDS dataset. Note: The figure is constructed based on data for establishments in the manu-
facturing sector irrespective of their state or foreign ownership status. Establishments with missing employment data are
excluded.

Furthermore, figure 5 shows that most of the employment is concentrated in the lower and up-
permost tails. Apart from Cameroon, where most of the workforce is employed in establishments
with at least 100 workers, the employment share of the smallest size category (1-4 workers) is the
highest for the manufacturing sectors of Burkina Faso, Ghana, and Rwanda. At the same time, the
next largest employment share belongs to the uppermost tail of the distribution, the size class of 100
or more workers.

An in-depth assessment of the size distribution in manufacturing uncovers that the feature of the
missing middle is not attributed to few yet large foreign-owned establishments or state-owned enter-
prises. This observed pattern holds for private (those that are not state-owned), domestic (in which
local citizens are principal owners), or domestic, private manufacturing establishments. Moreover,
the missing middle phenomenon does not emerge from a specific way we slice the data, rather it
reflects the inherent feature of the size distribution in the sample countries. As a robustness check,
we plot the size distribution based on broader size categories. The key takeaways remain the same
(see figures A.3, A4, and A.5 in the appendix).
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Figure 5: Employment distribution by state and foreign ownership: Manufacturing
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Table 3: Difference Between Actual vs Predicted Employment Shares (based on Pareto distribution)

Size class — Number of workers

K 1-4 5-9 10-19 20-99 100+

Panel a - Narrow size classes

Burkina Faso (2015) 1.383 -0.013 0.150 -0.013  -0.066  0.014
Cameroon (2008) 1.149 0.021 0.012  0.015 -0.015  0.011
Ghana (2013) 1.336  0.007 0.098 -0.006 -0.0563 0.023
Rwanda (2013) 1.299 0.047 0.012 -0.015 -0.017 0.039

Panel b - Broad size classes

1-9 10 - 49 50+
Burkina Faso (2015)  1.454 0.027 -0.052 0.044
Cameroon (2008) 1.143 0.015 -0.011 0.008
Ghana (2013) 1.366 0.028 -0.042 0.032
Rwanda (2013) 1.294 0.022 -0.024 0.019

Source: Establishment censuses obtained from the statistical agencies of the select countries; see section
3. Note: The Pareto shape parameter « is estimated based on minimizing Euclidean distance between ob-
served and theoretical shares.
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Also when we compare the distribution to that of a Pareto distribution, often taken as the firm
size distribution in an undistorted economy (see, for example, Luttmer, 2007), we see that there is an
underrepresentation of medium-sized firms in aggregate employment. This is the metric used by Ty-
bout (2014). Assuming that the efficient cumulative size distribution is described by F/(¢) = 1 —¢~¢
where / is firm size as measured by the number of worker and ( is the country-specific shape param-
eter that accounts for cross-country variation the scale of production, it is straightforward to show
that the efficient share of manufacturing labor force employed in firms of size range ¢; < ¢ < ¢;
is given by 5(¢;,4;]¢) = @—g - Z;_C. For each of the bins laid out above, we calibrate ¢ by coun-
try based on the minimization of the Euclidean distance between observed shares and theoretical
shares given by the equation above (Axtell, 2001; Di Giovanni et al., 2011; Tybout, 2014). We then
compute the theoretical shares 5 based on the estimated shape coefficients ¢, and compare them to
the actual shares. Table 3 reports the estimation results and shows that that the middle category is
underrepresented, irrespective of the binning.

Fact 2. The preponderance of informal firms is the main driver of the missing middle.

Roughly speaking, a formal establishment is a business entity with a registration record at an ad-
ministrative agency such as a business registry or tax authority. For the baseline analysis, registration
status at the tax authority is used as an indicator of formality. We choose this indicator because of its
availability and comparability across the sample countries. The only exception is Burkina Faso, for
which we use the information on whether an establishment applies the SYSCOA accounting stan-
dard to define formality.

Not surprisingly, we find that formal establishments constitute a very small percentage of the
manufacturing plants in Sub-Saharan Africa (table 2). In Burkina Faso, they constitute about 4 per-
cent of the establishments and hire about 27 percent of the workforce in manufacturing. The re-
spective figures for Cameroon, Ghana, and Rwanda are 5 and 59 percent; 28 and 50 percent, and 21
and 59 percent, respectively. These results indicate that a significant number of the manufacturing
establishments and their workforce operates in the informal sector.!®

As shown in figure 6, informal establishments are behind the observation of the missing mid-
dle in the employment distribution. Informal establishments are primary sources of employment
in the lower ranges of the production scale, but their relevance sharply diminishes as the scale of
production goes up. Given the practical difficulty of defining informality, we plot the employment
distribution using alternative criteria for classifying establishments into formal and informal. We
see that this driver of the missing middle is robust to alternative definitions of informality.

It is necessary to emphasize that the pervasiveness of informality in these countries is not a triv-
ial matter. To begin with, there exist sizable growth and productivity differences between formal
and informal establishments, having a serious implication for job creation and standard of living.
Another concern is the issue of narrow tax bases that would undermine a country’s capacity to fi-
nance the provision of public services. Further, informality adversely affects welfare simply because
of low wages, poor working conditions, and limited benefits to workers. On the other hand, infor-
mality reflects a bad business environment such as unreliable, low-quality public services as well as
weak enforcement of rules and regulations that make informality attractive.

15 Gee tables A.1-A.4 in the appendix for summary using alternative definitions of formality.
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Fact 3. The size distribution of formal firms mirrors the distribution in developed economies.

Figure 7 reveals that formal manufacturing has a strikingly different pattern compared with the
rest of manufacturing; it features a high concentration of employment in the upper tail of the size dis-
tribution. Most importantly, this is very comparable to the size distribution of developed countries.
It appears that the population of formal firms in Sub-Saharan African countries seems to obey the
same distribution law as in developed economies even if the business environment in Sub-Saharan
Africa is characterized by a multitude of market distortions and policy uncertainties. Again, this
phenomenon holds no matter the choice of criteria used to define formality.
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Fact 4. The missing middle does not arise at entry.

The last finding from our exploration is the fact that the missing middle pattern does not seem
to arise from the size distribution of entrants. As a corollary, this suggests that the missing middle
has to emerge as the outcome of the life cycle of manufacturing firms. Figure 8 plots the size distri-
bution of the new cohort of entrants. We see that employment in the new cohort of establishments
is concentrated in the smallest class and distributed more evenly across the remaining size classes.

Another factor possibly explaining the missing middle is the pattern of growth along the life cycle
of establishments. That is, variations in growth along with selection can drive employment distribu-
tion. For this purpose, establishments are divided into six age cohorts: entrant, 1-5, 6-10, 11-15, 1-20,
and above 20 years. Figure 9 shows that entrants are the smallest compared with other age cohorts.
There also exist a few larger establishments, as evidenced by the mean size being exceedingly higher
than the median size for each age cohort, and the difference is even more magnified among older
age cohorts. Two things are worth noting. The first one is the small difference between the mean and
median size for Burkina Faso. Second, the median establishment does not see a significant increase
in its size over its life cycle.

Figure 8: Employment distribution among entrants: Manufacturing
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Source: Establishment censuses obtained from the statistical agencies of the select countries; see section 3. Nofe: The figure
is constructed based on data for establishments in the manufacturing sector. Establishments with missing employment
or age data and state-owned are excluded.
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Figure 9: Size of establishments by age cohort: Manufacturing
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Source: Establishment censuses obtained from the statistical agencies of the select countries; see section 3. Nofe: The figure
is constructed based on data for establishments in the manufacturing sector. Establishments with missing employment
or age data and state-owned are excluded.

22



Figure 10: Formal and informal employment distribution by age cohort in manufacturing: Burkina

Faso (2015)
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Figure 11:
Cameroon (2008)
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excluded.
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Figure 12: Formal and informal employment distribution by age cohort in manufacturing: Ghana
(2013)
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Source: Establishment censuses obtained from the statistical agencies of the selected countries; see section 3. Note: The
reference is the total employment for each age cohort and formality status. The figure is constructed based on data for

establishments in the manufacturing sector. Establishments with missing employment or age data and state-owned are
excluded.
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Figure 13: Formal and informal employment distribution by age cohort in manufacturing: Rwanda
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Source: Establishment censuses obtained from the statistical agencies of the selected countries; see section 3. Note: The
reference is the total employment for each age cohort and formality status. The figure is constructed based on data for
establishments in the manufacturing sector. Establishments with missing employment or age data and state-owned are

excluded.
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Figure 14: Size of formal and informal establishments by age cohort: Manufacturing
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excluded.

Figures 10-13 illustrate growth differentials between formal and informal establishments by plot-
ting the employment distribution at different age cohorts. Among formal establishments, the em-
ployment shares of larger class sizes continuously increase when looking at older age cohorts. These
establishments tend to increase in size with additional years of market operation even if they face
challenges in the business environment that stifle their growth. As for the informal establishments,
the smallest size class has the highest employment shares and displays only a slight decline with
older age cohorts. We also note the presence of a few informal establishments that are large or have
been in operation for several years.

Similarly, figure 14 depicts the size of incumbents relative to new informal establishments. Here,
we also see that incumbents experience size growth with age, but this tendency is most common
among formal establishments rather than informal ones. Note that this pattern holds to a lesser
extent in Burkina Faso.
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5 Model

Our deconstruction of the missing middle led us to interpret the evidence as suggestive of distortions
that encourage informality and discourage formal firm growth. Entry barriers and productivity-
dependent idiosyncratic distortions have the potential of generating such outcomes. While the for-
mal sector in the low-income countries under study exhibited a notable dynamism when compared
with its informal counterpart, it still fell short of the dynamism of firms in advanced economies. This
leaves a role to be played by productivity-dependent distortions, which discourage firm growth and
misallocate resources across firms. Entry barriers, in turn, limit the incentives of firms to enter the
formal sector and magnify the effect of idiosyncratic distortions.

We investigate this hypothesis formally in this section by feeding entry barriers and idiosyncratic
distortions into a model of firm dynamics with endogenous informality. Our goal is to assess the ex-
tent to which these distortions can account for the prevalence of informality and the patterns of the
size distribution we observed in the data and to quantify their aggregate implications. The model
features a rich formal sector, with endogenous entry and exit of firms and endogenous innovation
decisions, all responsive to the incentives created by the distortions. The informal sector also fea-
tures endogenous entry but we assume that firm growth and the exit rate are exogenous so that the
size distribution is governed by the rate of productivity growth over the firms’ life cycle vis-a-vis
the exit rate. We assume that formal and informal firms produce differentiated varieties that aggre-
gate into differentiated baskets of formal and informal goods. Consumers face a constant elasticity
of substitution across varieties within a type of good and across formal and informal goods. We
calibrate the model to the U.S. and estimate entry barriers and idiosyncratic distortions in Ghana,
the only country in our sample for which we also count with a companion formal sector census of
industrial firms with balance sheet information.

5.1 Demand Side

Consumers derive utility from baskets of formal and informal goods, which they combine through
a Constant Elasticity of Substitution demand system. Formally:

Q= [Qf* +Qﬂ

where @ is the final good and @; and @2 are formal and informal good baskets that go into the
production of the final good.!® In our calibration, parameters will be set so that the equilibrium
expenditure and employment share in the informal sector are low, targeting values of the informal
sector share in the U.S. economy. When distortions are identified and fed into the model, the elastic-
ity of substitution A will be a key determinant of the strength of the response of the informal sector
to the distortions.

Formal and informal good baskets, in turn, are produced according to a Constant Elasticity of

' One could have directly defined @ to be aggregate consumption, where the aggregation is done at the level of the
household. This is isomorphic to our specification of () as a good produced by a final good aggregator.
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Substitution aggregation of a continuum of differentiated varieties, given by:

6—-1

Q= | [atw)] 7 ey e )

where, hereafter, i = 1 and ¢ = 2 shall denote the formal and the informal sectors respectively.
In turn, M; (e*) stands for the number of firms in sector i producing a variety with idiosyncratic
productivity e, to be determined endogenously in equilibrium.

Assuming a perfectly competitive representative producer of the aggregate final good and the
aggregate basket of informal and formal varieties leads to the following demand functions for a
given variety in a sector:

p(w) =P 7 Qg (@) @)

Moreover, setting the final good as the numeraire, the aggregate and sectoral price indices are given

by:

1= [PlH + PQH}

1
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5.2 Production Side

Consider now the producers of intermediate varieties of each good. Production is done under mo-
nopolistic competition according to the following technology:

1 1

yi (W) = (A;) 71 ()71 1 (w) (4)

where A; stands for a sector-wide productivity term and e* denotes the idiosyncratic productivity of
intermediate producers. Labor is the sole factor of production. In what follows, we shall assume that
A; is constant over time and common across all firms in sector ¢, while there is a stochastic process of
idiosyncratic productivity to be specified below. This aspect of the stochastic process differentiates
the production possibilities between formal and informal producers.

Profit maximization under monopolistic competition involves solving the following optimiza-
tion problem (we present it for a formal sector producer with the understanding that an equivalent
problem is solved in the informal sector):

maz, {(1 )P Qb ()8 ATl ()T — wls (w)}

where we have plugged in the demand function solved in equation 2.

The idiosyncratic distortion, one of the types of distortion we consider, is reflected as a revenue
tax in the producer’s profit maximization problem. The key feature of this tax (interchangeably re-
ferred to as wedge) is that it is idiosyncratic and systematically related to the firm’s idiosyncratic
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productivity e, consistently with the misallocation literature.!” Formally, we characterize this rela-
tionship with the following function:

(1 —7) = ()71 (5)

The key parameter governing the elasticity between T'F'PR, the measure of distortions, and
TFPQ, the idiosyncratic productivity, is given by ~;. Our calibration section discusses how we esti-
mate this elasticity in the Ghanaian firm-level data.

Optimization leads to the following expressions for labor demand and variable profits:

_ 0

- (5 (&) e
o1

ww = O pen s )

5.3 Firm Dynamics, Entry, and Exit in the Formal Sector

Our characterization of the formal sector features the first-order margins of adjustments through
which distortions affect micro and macro-level outcomes. These are an endogenous entry and exit of
firms into the formal sector, and an innovation technology that allows for an endogenous component
of firm dynamics.

Endogenous firm dynamics in the formal sector arise from a process of technological upgrading
and downgrading similar to that in Atkeson and Burstein (2010). Specifically, a firm with current
productivity e can upgrade to e“ 2 with probability ¢; (w) and can downgrade to e“~* with prob-
ability (1 — ¢¢ (w)). The expected growth rate, given by ¢; (w), is endogenous, as firms can allocate
resources to innovation activities. The variance of the shock process (A), on the other hand, is ex-
ogenous. The labor-denominated cost for attaining the desired probability ¢; (w) is given by

X (g, w) = e x 17 (6(*5‘” — 1) :

Notice that the innovation cost is scaled by the entrepreneur’s current productivity. This is an impor-
tant assumption that allows the model to be consistent with the innovation patterns of large firms in
the US, our target economy for the calibration. The scale parameter n and the elasticity parameter ¢
will be calibrated to replicate the properties of the size distribution and the life cycle of firms in the
Us.

The value of an operating formal firm with current productivity e* is

v], (w) = max
’ (w)

T, (W) — wex (g, w) — we fe } (8)
+Ry (1= 6) [q (w) va041 (eF2) + (1 — ¢ (w)) w1641 (e472)]

where 7} ; (w) is the indirect variable profit function under optimal factor demands given prices and
distortions, defined in equation 7, f. denotes the labor-denominated fixed cost of production, and

17 See, for instance (Bento & Restuccia, 2017) and (Fattal-Jaef, 2022) for cross-country estimates of the relationship between
idiosyncratic distortions and idiosyncratic productivity

30



0 stands for the exogenous exit probability. While there is an exogenous exit shock, the presence
of fixed costs gives rise to an endogenous motivation for the least profitable businesses to exit the
market.

The value of the formal firm is given by:

U1t (w) =max,, (v) {vi),t (w) 70} s

where 11 ; (w) encodes the firm’s exit decision, equal to one if it operates and equal to zero if it exits.
The first-order condition with respect to the innovation choice yields

wippe® ) = Ry (1 —6) (01,041 (e“F2) — vy s (ewa)] .

Firms choose the probability of a technological upgrade to equate the marginal cost of innovation
efforts with the gain in firm value. To the extent that idiosyncratic distortions are productivity de-
pendent, as we are assuming in equation 5, these distortions will have a direct contribution to the
rate of return to innovation expenses, in addition to general equilibrium effects on wages and fi-
nal demand. Notice that entry barriers, which we have not introduced yet, have no direct effect on
the firms’ innovation decisions (though they will still have an indirect contribution through general
equilibrium forces). Lastly, general equilibrium forces shaping the relative price between formal
and informal goods and the wage rate will also impact the firm’s incentives to innovate.

We turn now to discuss the entry technology into the formal sector. As standard in models of
firm dynamics, we assume there is an infinite pool of potential entrants considering incurring a
labor-denominated entry cost f, to enter the market. At the time of confronting this cost, there is
no knowledge of the idiosyncratic productivity but there is knowledge about the distribution I' (w)
from which productivity is drawn. In equilibrium, a free-entry condition holds equating the cost
of entry with the expected net present value of profits. In the distorted economy, the entry cost is
inflated by an entry barrier 7¢, which is the second type of distortion we consider for rationalizing
the informality in the data. The free-entry condition in this context is given by

wifo (147°) = Ry (1— 5)/m+1 (@) dl (w). 9)

Notice that we are assuming a one-period time to build between the payment of the entry cost and
the actual entry.

5.4 Firm Dynamics, Entry, and Exit in the Informal Sector

Our characterization of the informal sector loads the replication of the informal firms’ size distri-
bution on the productivity distribution across firms. That is, the informal firms’ size distribution
will be matched by construction as an outcome of the calibration of the productivity distribution
among informal producers. The whole economy’s size distribution, on the contrary, will be shaped
by equilibrium variables in the model, namely the fraction of informal employment and the distri-
bution of innovation expenses across formal firms. Since these two are active margins of adjustment
in response to the entry barrier and the idiosyncratic distortions, they deliver testable implications
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to be validated by the data.

Given this calibration choice, the informal firms’ productivity dynamics are given by a determin-
istic growth process subject to exogenous exit shocks. The exogenous growth and exit rates, ; and 9,
jointly shape the age and size distributions across firms (Luttmer, 2010). Formally the idiosyncratic
productivity of a firm with age a is given by:

ew(a) — ehia

Given the exogenous death rate, the fraction of active informal firms of age a is given by:

fla)=e2e

As said earlier, the production technology of informal firms adopts the same shape as that for formal
producers, given in equation 4. Therefore, the outcome of the static optimization problem for the
informal producer is given by the same expressions characterizing labor demand and variable prof-
its in the formal sector. The sole difference between the two is that we abstract from idiosyncratic
distortions across informal firms.!®

Entry into the informal sector also entails a labor-denominated entry cost but is free from any

entry barrier. The free-entry condition into the informal sector, then, is governed by:

Wfea = /7712’ (a) e=(PTagq

where f.; is the entry cost into the informal sector, p is the subjective discount factor, and e~ (P92
characterizes the expected productivity of the firm over its life-cycle. As was the case for the formal
sector, feo captures non-distortionary elements of the cost of setting up an informal firm, such as
the opportunity cost of the time spent implementing the business idea. Naturally, this calibration
strategy will deliver a significantly lower cost of entry into the informal sector.

5.5 Households

In addition to the static problem of choosing formal and informal expenditure, the representative
household confronts the dynamic decision of how to allocate its wealth into consumption and sav-
ings, and how to split the savings into a risk-free bond and the portfolio of formal and informal
firms in the economy. Given an initial endowment of formal and informal firms M;(0) and M>(0),
the household’s dynamic problem is formally given by:

/e_ptlog [c(t)] dt,

'8 Qur rationale for abstracting from distortions across informal producers is that the scope for allocative efficiency gains
is very limited given the dramatic concentration of production among very small producers. Our interpretation is
that the size distribution of informal firms is a reflection of poor productivity or entrepreneurial ability rather than a
manifestation of an idiosyncratic distortion.
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subject to
r(t)a(t)+w(t)L+ M [7}(at) f(a)dat

YO = My g (art) £a)da— far Mo (1w (t) — FraMoe () w (6) + T
Ml = -0 My + Mgy (10)
Mg = —09 My + Mo (11)

where T stands for the transfer to/from the household that balances the budget from the collection of
revenue from entry barriers and idiosyncratic distortions.!” The Euler equation ruling the incentives
to accumulate assets implies that, in the stationary equilibrium, p = r.

5.6 Equilibrium

A stationary competitive equilibrium in the model consists of (i) consumption, firm entry in each
sector, and saving decisions of the household [c, a, M1, Mo, Ml, Ms|; (ii) labor demands, prices,
and variable profits for each variety [l; (w),p; (w),m (w)]; (ili) demand functions for intermediate
inputs and final output, and sectoral price indices [y; (w) , Y, P;]; (iv) the age distributions of infor-
mal firms, the schedule of idiosyncratic distortions, and the entry barrier: [f5 (a), [l — 7], 7¥]; (V)
laws of motion for the productivity distribution of formal firms and the number of informal produc-
ers; (vi) innovation and exit decisions of formal firms ¢(w), ¢(w); and (vii) wages and interest rates
such that: (a) given wages, interest rates, and the laws of motion for the distribution of formal and
informal producers (i) solves the household’s optimization problem; (b) given wages and idiosyn-
cratic distortions, (ii) solves each variety producer’s profit maximization problem and (vi) solves
the value function of a formal firm; (c) given the prices of formal and informal varieties, (iii) solves
the final good’s representative producer profit optimization problem; (d) the free entry conditions
in each sector hold; (e)the labor market clears; and (f) net asset demand is equal to zero.
The labor market clearing condition in the equilibrium is given by:

L:Lpl +Lfc+LI+Lp2+felMel +f62M62' (12)

where L,,; stands for the labor demand devoted to the production of formal and informal varieties,
L. and L denote the labor demand associated with fixed and innovation costs in formal firms, and
the remaining elements capture the labor demand allocated to the entry of new formal and informal
producers.

The law of motion for the distribution of formal firms, in turn, is given by the following equation:

M1 (w') = (1= 8)g (0 — A) My(w' — A)
+(1=6)[1—q (W +A)] My(w' + A) + (1 —6) MeyI (). (13)

The expression establishes that a fraction (1 — ¢) ¢ (w’ — A) of firms with productivity less than or
equal to (w’ — A) survives the exogenous exit shock and transitions to a productivity level less than

¥ The lump-sum transfer is how we implement the idea that we do not interpret 77 and [1 — 7,,] literally as taxes that
drag resources away from the economy beyond the distortion they generate. In our model, output and consumption
are reduced only to the extent that entry barriers and allocative distortions affect aggregate productivity.
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or equal to w'. A fraction (1 —¢) [1 — ¢ (W’ + A)] of the mass of firms with productivity between
w" and (w’+ A) survives the exit shock and jumps downward to have productivity less than or
equal to w’. There is also an inflow of new firms into this group, which is given by the mass of
entrants, a fraction I' (w") of which will feature productivity less than or equal to w’. The endoge-
nous exit will be driven by the mass of firms that transition downwards from the productivity cutoff,
(1-08) g (w+ A) M (w+ A).

6 Quantitative Analysis

We turn now to the quantitative analysis of the role of entry barriers and idiosyncratic distortions
in the formal sector in accounting for the extent of informal production and the shape of the size
distribution. We first discuss the calibration strategy and then move on to quantifying the counter-
factuals.

6.1 Calibration

Our calibration strategy proceeds in two steps. First, we calibrate structural parameters in the model,
such as those governing the elasticity of substitution, the entry costs, and the innovation cost func-
tion, to match salient macro and firm-level properties of the United States. Then, we estimate id-
iosyncratic distortions from Ghanaian firm-level data and feed alternative estimates of entry barriers
from the World Bank’s Doing Business Indicators and from (Fattal-Jaef, 2022).

In the first step, we require the relative entry costs, f.; and f.2, and the relative sector-wide
productivity levels A; and Aj, to be consistent with an informal employment share of 8% in the U.S.
and an average firm size in the U.S.’s formal and Ghana’s informal manufacturing sectors of 116
and 3.5 workers respectively.?. The innovation cost function in the formal sector is parameterized
to replicate the life-cycle growth and the employment share in the top 10 largest firms in the U.S.
manufacturing sector. The growth and exit rate in the informal sector, in turn, are set to replicate the
small share of employment accounted for by large firms in Ghana’s informal firms’ size distribution.

The elasticity of substitution between formal and informal goods is drawn from Bachas et al.
(2020), while we adopt a standard value for the elasticity of substitution across varieties from the
misallocation literature.

In the second step, we appeal to Ghana’s National Industrial Census of 2003 to calibrate the
idiosyncratic distortions and the entry barriers. The National Industrial Census is an alternative
database covering industrial production only for registered establishments with ten workers or more,
providing rich balance sheet information with which to measure idiosyncratic distortions following
the approach in (Hsieh & Klenow, 2009).%!

We follow (Fattal-Jaef, 2022) in measuring idiosyncratic distortions directly from the firm-level
data and inferring the entry barrier so that the model’s average firm size for the Ghanaian equi-
librium matches the average firm size in the formal-sector data. Given the idiosyncratic distortion

 The average size in U.S. manufacturing is conditional on firms with 10 or more workers, to make it comparable with
Ghana's formal sector database
?! This is the database used by Cirera et al. (2019) to characterize misallocation in Sub-Saharan Africa.
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profile in equation 5, we compute each firm’s TF' PR and T'F P() and calibrate y as the regression co-

i i - TFPR; TFPQ; .
efficient resulting from regressing log (ﬁ) on log (W) , where industry averages are com-
puted at the 4-digit level. Equipped with an estimate of the elasticity parameter of the idiosyncratic
distortion profile, we infer the value of the entry tax that equates Ghana’s average firm size in equi-
librium with Ghana’s observed average firm size in the manufacturing formal-sector data.

The parameter values resulting from the first and second calibration steps are reported in table

4.
Table 4: Parameter Values
| Parameter Values Target |
01,02 0.025,0.0125 Exit rate large formal firms, exit rate informal firms
ﬁ 0.3 Employment share of the top 10 largest firms in the informal sector = 20%
A 3 Bachas et al. (2021)
0 4 Hsieh and Klenow (2009)
¢ 4.5 Average size of entrant relative to incumbent U.S. manufacturing
n,¢ 15,0.00056 Life-cycle growth and employment share of the top 10% largest firms in the U.S.
%, 2—; 2.56,7.15 Average firm size formal relative to informal and informal employment share -8%
Y1 0.285 Regression coefficient log (TFPR) vs log (TFPQ)
T 1.6 Average firm size in Ghana’s manufacturing sector relative to the U.S.

Source: The average size, the employment concentration at the top 10 largest firms, and the average size ratio be-
tween 21-25 year old and 1 year old firms in U.S.” manufacturing are drawn from the BDS database for the year
2007. To make the U.S. data comparable with Ghana’s formal Manufacturing Census, from which we infer idiosyn-
cratic distortions and entry barriers, we compute statistics conditional on firms with ten workers or more, which
is the smallest firm size covered in the Ghanaian data. The average firm size in Ghana’s informal sector is com-
puted from the full establishment census. The log(TF PR) and log(T F PQ) are computed exactly as in (Hsieh &
Klenow, 2009), estimated from Ghana’s National Industrial Census of 2003. The entry barrier 7¢ is drawn directly
from (Fattal-Jaef, 2022)’s estimate for Ghana.

6.2 Quantifying the Role of Entry Barriers and Idiosyncratic Distortions

Our main quantitative experiment involves starting from a stationary equilibrium calibrated to the
U.S. economy and introducing the measures of distortions targeted to Ghana. Can the distorted sta-
tionary equilibrium resemble the micro-level features of the Ghanaian economy? In particular, can
the extent of informal production and its implied consequences on the shape of the size distribution
generate a missing middle as in the data? If so, what are the aggregate implications?

Consider first the effect of the various combinations of distortions on the shape of the size dis-
tribution, reported in figure 15. The top-left panel replicates the model’s representation of the U.S.
economy’s size distribution, an outcome of the calibration. The bottom right panel illustrates the
size distribution assuming only idiosyncratic distortions are in place, whereas the bottom left panel
reproduces the outcome under entry barriers only. The top right plot corresponds to both distortions
interacting.

The size distribution under idiosyncratic distortions (bottom right) reallocates employment away
from the top and towards the bottom but also expands some of the middle-size categories. Two
forces are at play. Firstly, idiosyncratic distortions in the formal sector reduce the aggregate produc-
tivity among formal firms and increase the relative price of formal varieties, thereby reallocating
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expenditure, firms, and employment into informal production. Since the size distribution of infor-
mal producers concentrates employment at the bottom, it explains the rise in the 0-5 employment
share in the overall distribution. Secondly, the productivity dependence of idiosyncratic distortions
misallocates employment from the largest to the smallest formal firms. Moreover, these distortions
discourage formal firms from investing in innovation, which further compresses the dispersion in
productivity distribution and concentrates production among middle-sized firms. On their own,
the idiosyncratic distortions are unable to generate a missing middle as in the data.

The contribution of entry barriers to the size distribution is to polarize employment into smaller
and larger firms, depleting the middle. On the one hand, the entry barrier constrains formal sector
entry, which reduces aggregate productivity in the sector, increases its relative price, and motivates
a rise in expenditure, entry, and employment in the informal sector. On the other hand, by con-
straining competition, the entry barrier reduces factor prices allowing the most productive firms to
become even larger, rationalizing the expansion of the right tail of the distribution. While closer to
reproducing the missing middle in the data, the entry barriers still exhibit excessive production at
the top of the distribution.

The top right corner of figure 15 shows that the interaction between entry barriers and idiosyn-
cratic distortions provides a closer approximation to the missing middle documented in the data.
A limitation of the idiosyncratic distortions was that, due to taxing productive firms more heavily,
they reallocated employment towards the middle of the distribution. Entry barriers revert this force.
Moreover, the interaction between distortions worsens the decline in the formal sector’s aggregate
productivity, magnifies the increase in the relative price, and strengthens the rise of informal pro-
ducers, all contributing to generating a missing middle in the distribution.
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Figure 15: Distortions and the Size Distribution of Firms
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Note: The top left panel corresponds to the equilibrium’s size distribution for the undistorted economy calibrated to the
U.S. The top right panel depicts the model’s size distribution under our calibrated values of idiosyncratic distortions and
entry barriers. The bottom left illustrates the entry barrier only economy, whereas the bottom right corresponds to the

economy with idiosyncratic distortions.

Consider now the macroeconomic implications of the distortions. Table 5 reports the aggregate

variables that we emphasized as the main drivers of the reallocation forces at the firm level, as well

as the implications for Total Factor Productivity for the whole economy and for the formal sector

only.
Table 5: Aggregate Results: Entry Barriers and Idiosyncratic Distortions
Undistorted Entry Barrier + Misalloc. Entry Barrier Misalloc.
Informal Empl. Share 0.09 0.58 0.18 0.35
Reltaive Price Formal to Informal 1.00 3.50 1.50 2.23
TFP 1.00 0.88 0.95 0.90
Formal GDP 1.00 0.41 0.84 0.65

Note: The informal employment shares are reported as levels in each stationary equilibrium. The relative price, T'F' P, and formal sector GD P are
expressed relative to their corresponding values in the undistorted allocation. T'F' P corresponds to the whole economy’s aggregate productivity,

inclusive of both the formal and the informal sector.
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The first two rows in table 5 report the effects of the distortions on the level of informality and
the relative price. Informal employment rises significantly, from an 8% share in the U.S. to 18%
under entry barriers, 35% under misallocation, and 58% for the combination of distortions. Relative
to the informal employment share of 70% in our Ghanaian data, the model with both distortions
can account for about three-quarters of the observed value. The table also shows the change in the
relative price of formal to informal goods as the general equilibrium force driving the reallocation
of expenditure, firm entry, and employment into informal production. The relative price increases
more than threefold relative to its value in the undistorted economy.

In terms of the productivity losses, table 5 shows that these reach up to 12% in the case of entry
barriers and idiosyncratic distortions. The last row of the table allows for a decomposition of the
aggregate losses. Formal output plummets by up to 60% due to the multiple effects created by
the distortions, namely, a misallocation of resources among surviving incumbents, a reduction in
formal sector entry, and subdued innovation expenses. However, the informal sector, in so far as it
is captured in official statistics, partially compensates for the losses in the formal sector, by increasing
the number of varieties and thereby informal aggregate output. The aggregate productivity still falls
due to the lower aggregate productivity in the formal sector and due to the reallocation of resources
towards the informal sector, which is less productive than the formal one.

7 Conclusion

This paper investigates the size distribution of manufacturing plants in Sub-Saharan Africa, where
the distortions are all the more ubiquitous. It uses firsthand establishment censuses from Burkina
Faso, Cameroon, Ghana, and Rwanda to identify four stylized facts: (i) there exists a drop in the
employment share accounted for by the middle range of the size distribution, providing some sup-
port to the missing middle hypothesis; (ii) informal firms are necessary for the missing middle to
appear; (iii) the size distribution of formal firms looks somehow more like the size distribution in
developed economies; and (iv) the missing middle does not arise from entry but instead reflects
firm growth patterns. To the best of our knowledge, our contribution is the first that embraces de-
tailed and comprehensive censuses of establishments in the non-agriculture sectors of Sub-Saharan
countries in a comparative fashion.

The controversy about the existence of a missing middle appears to be definitional. A binary
existence statement necessarily rests on identifying assumptions that arguably obscure the relevance
of the matter. In that sense, we argue that the missing middle is an elusive concept. This paper steps
back from the controversy and establishes a number of stylized facts regarding patterns in the size
distribution.

The analyses underline the important consequences of informality and question the common per-
ception that the missing middle arises from the size distribution of entrants. Additionally, method-
ically studying the size distribution to identify empirical regularities is useful and policy-relevant.
However, the possibilities are currently rather limited because of the issue of data availability. This
calls for conducting comprehensive establishment censuses that include informal businesses.

The policy-relevant question here is whether a missing middle is a cause for concern. In some
ways, itis: a firm size distribution exhibiting a missing middle means that there is a scope for shifting
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workers from small enterprises into medium-sized and larger ones. Given that larger firms tend to
be more productive thanks to economies of scale, this shift would imply a productivity gain. A
missing middle is therefore a symptom of unrealized potential for reallocation of labor across firms.
It is therefore a useful metric to assess the scope for labor reallocation, which can be applied in
relatively data-scarce settings.

Nevertheless, the missing middle as a term and concept can be a bit misleading. A distribution
with a missing middle should be interpreted holistically: it is not just about a lack of medium-
sized firms, but also about small firms not growing as well as larger firms failing to absorb the
workforce employed in inefficiently small firms. A multitude of factors can contribute to this: lacking
capabilities of entrepreneurs limiting the growth of micro-enterprises as well as distortions around
formalization and the labor market that medium-sized or large firms face to grow.

In terms of policy implications, a critical problem for Sub-Saharan African economies” produc-
tivity and formal employment is a lack of a large number of formal firms, and also a very large
share of small informal firms that do not grow. Thus, policies that reduce the costs of registration by
making it simple to become formal, and especially strengthening enforcement (Ulyssea, 2020) are
important to reduce informality. However, most informal firms do not grow much, which can be
the result of the need to stay small to avoid enforcement, but also the lack of firm capabilities and
excess of subsistence entrepreneurship due to limited formal employment opportunities. Thus, poli-
cies that are size-dependent, if effective, do not necessarily increase the number of medium-sized
and large firms. Finally, although formal firms in Sub-Saharan Africa mirror the size distribution
of their counterparts in advanced economies, their numbers are low and their growth is weak over
their life-cycle and stifled due to existing distortions (Cirera et al., 2019), which implies that mea-
sures to reduce informality, need to go hand-in-hand with measures to reduce existing distortions
to firm growth more generally.
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Table A.5: Difference Between Actual vs Predicted Employment Employment Shares in the Formal
Manufacturing (based on Pareto distribution)

Size class — Number of workers

K 1-4 5-9 10-19 20-99 100+

Panel a - Narrow size classes

Burkina Faso (2015) 1.079 -0.092 -0.002  0.009 0.117  -0.005
Cameroon (2008) 1.051 -0.064 -0.014  0.015 0.080 0.001
Ghana (2013) 1.178 -0.010  0.068 0.006 -0.018  0.002
Rwanda (2013) 1.155  -0.050  0.035 0.020 0.049  -0.010

Panel b - Broad size classes

1-9 10 -49 50+
Burkina Faso (2015)  1.061 -0.076 0.097 -0.014
Cameroon (2008) 1.030 -0.045 0.056 -0.006
Ghana (2013) 1.186 0.017 -0.012 0.010
Rwanda (2013) 1.150 -0.035 0.058 -0.011

Source: Establishment censuses obtained from the statistical agencies of the select countries; see section 3.
Note: The Pareto shape parameter « is estimated based on minimizing Euclidean distance between observed
and theoretical shares.
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