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COMPETITIVE AND NONCOMPETITIVE DEMPU'TD 
STXUCTURES I N  LINEAR PROGWLMMING MODELS* 

J o h n  H. Duloy and Roger D. Nor ton  
I n t e r n a t i o n a l  5ank  f o r  R e c o x s t r u c c i o n  and  iJevelopmenc 

A b s t r a c t  

T h i s  pape r  d e v e l o p e s  s t r u c t u r e s  f o r  m u l t i p r o d u c t  demand s e t s  

which p e r m i t  d e t e r m i n a t i o n  of a l t e r n a t i v e  market  forms  i n  l i n e a r  op t imiza-  

t i o n  models .  I n  t h e s e  structures, market  e q u i l i b r i u m  p r i c e s  become endo- 

genous ,  a s  f u n c t i o n s  of t h e  p r i m a l  s o l u t i o n .  The app roach  p e r m i t s  

c o n s t r a i n t s  on a  measure  of  income which i s  e v a l u a t e d  a t  t h e  endogenous 

p r i c e s .  Some p r o p e r t i e s  of t h e  l i n e a r i z e d  demand set  a r e  proven.  

Yumer ica l  s o l u t i o n s  a r e  o b t a i n e d  w i t h  l i n e a r  programming v i a  app rox ima t ion  

I t e c h n i q u e s  i n  convex programming; t h e  t e c h n i q u e s  p e r m i t  a r b i t r ~ i i l y  c l o s e  

I approx ima t ion  t o  non- l inea r  forms w i t h o u t  i n c r e a s i n g  t h e  number of rows i n  

t h e  l i n e a r  program. The s a n e  s t r u c t u r e s  a r e  a p p l i c a b l e  t o  f a c t o r  m a r k e t s . .  

* Revised  v e r s i o n  of a  papc r  pr~s:nted a t  t h e  Summer Meet ing  of  t h e  
Econometr ic  S o c i e t y ,  E o c l d e r ,  Co lo rado ,  August 1971.  The r iuthors  wish  
t o  acknowledge t h e i r  i n d e b t e d n e s s  t o  M r .  Gary Kutcher  of  t h e  World Bank, 
who h a s  des igned  and c a r r i e d  o u t  t h e  compu ta t ions  and h a s  provided  use-  
f u l  c o m e n t s  on t h e  pa?c r .  Luciano  B a r r a z a ,  1 J i l f r e d  Cand le r ,  and Alas 
Yannc a l s o  have o f f e r e d  h e l ? f u l  i n s i g h t s .  



1. I n t r o d u c t i o n  - 
I n  t h e  c l a s s i c  l i n e a r  programming models of  a n  economy o r  sub- 

economy, goods a r e  assumed e i t h e r  t o  f a c e  i n f i n i t e l y  e l a s t i c  demand funct:Lons 

o r  t o  b e  t r aded  i n  bounded q u a n t i t i e s .  M o d i f i c a t i o n s  sometimes a r e  made f o r  

e x p o r t s  which c o n s t i t u t e  a s i g n i f i c a n t  s h a r e  of t h e  wor ld  marlc~:, l e a d i n g  

t o  a  f o r a u l a t i o n  i n  ~ 5 i i F .  t h e  o p t i m i z i n g  u n i t  e q u a t e s  m a r g i n a l  revenue  and 

marg ina l  c o s t  on t h e  e x p o r t  markets .  However, t h e  e x i s t e n c e  of  i n t e r n a t i o n a l  

marke t s  f r e q u e n t l y  i s  m e d  t o  j u s t i f y  t h e  p r i c e- t a k e r  assumpt ion .  B u t ,  

f o r  a l a r g e  c l a s s  of p r o d u c t s ,  p a r t i c u l a r l y  a g r i c u l t u r a l  commodit ies ,  t h e  

s p r e a d  between c . i . f .  arld f . 0 . b .  p r i c e s  nay b e  twenty p e r c e n t  o r  more, and 

f o r  a n o t h e r  group of p r o d u c t s  t r a d i n g  o p p o r t u n i t i e s  e f f e c t i v e l y  do n o t  e x i s t .  

I n  t h e s e  c a s e s ,  domeszic p roduc t  demand f u n c t i o n s  a r e  r e l e v a n t  i n  p r i c e  

d e t e r m i n a t i o n .  

I n c o r p o r a t i n g  p r o d u c t  demand f u n c t i o n s  i n t o  a  p l a n n i n g  model 

des igned  f o r  t h e  purpose  of a n a l y z i n g  p o l i c y  a l t e r n a t i v e s ,  r a t h e r  than  

assuming exogenously de termined p r o d u c t  p r i c e s ,  h a s  t h r e e  p r i n c i p a l  

at iuantages:  F i r s t ,  i t  a l l o w s  t h e  model t o  cor respond t o  a  v a r k e t  e q u i l i -  

brium. The e f f e c t s  of v a r i o u s  p o l i c i e s ,  e .g. ,  s u b s i d i z i n g  o r  t a x i r ;  p r o d u c t  

I o r  i n p u t  p r i c e s ,  o r  v a r y i n g  t h e  exchange r a t e ,  can  t h e n  b e  i n v e s t i g a t e d .  
* 
i 

Second,  i t  a l lows  t h e  s o d e b  g r e a t e r  f l e x i b i l i t y .  For i n s t a n c e ,  s u b s t i t u t i o n  . I 

bc  tween c a p i t a l  and l a b o r ,  co r r e spond ing  t o  H f f e r e n t  f a c t o r  p r i c e  r a t i o s ,  

can occu r  no t  on ly  d i r e c t l y  through t h e  technology s e t  o r  t h q u g h  changes 
'5 

i n  t h e  commodity mix of o u t p u t ,  b u t  a l s o  through s u b s t i t u t i o n ' i n  demand due  - 
I I - 

t o  c h a n g b g  r e l a t i v e  p r i c e s  of p r o d u c t s  wh ic !~  a r e  more o r  l e m  l a b o r  o r  - - 
1' .. c a p i t a l  i n t e n s i v e .  T h i r d ,  i t  p e r m i t s  an a p p r a i s a l  of t h e  d i s t r i b u t i o n  

between consumers 2nd p roduce r s  of b e n e f i t s  a c r u i n g  from changes i r ~  output. 

- 
to; example ,  i n  the c o m o n  s i t u a t i o n  o f a g r i c u l t u r a l  p r o d u c t i o n  f o r  t h e  



Lar.dst ic  z.drkec I n  t h e  f a c e  of  p r i c e - i n e l a s t i c  demand, t h e  r e t u r n s  from 

i n c r e a s e c  o u t p u t  a r e  n e z a t i v e  t o  producers  a s  a  whole and p o s i t i v e  t o  

C c x ? e t i t i v e  e q u i l i b r i m  under  downward-sloping p r o d u c t  demand 

euri.ss c;ln 3s a t t a l ~ e d  v i a  aaxi r r , iza t ion  o f  t h e  sum of p roduce r  and 

co:;s=ncr s3d rp luses .  T h i s  i s  t h e  t r a d i t i o n  of  Samuelson (1952) and T a k a y z ~ a  

and .7udgc ( 1 3 6 4 ,  1971) .  The m o . ~ o p o l i s t i c  c a s e  is one of  n e t  r evenue  maxi- 

-? : i  - Tnis  paper  deve lcps  approx ima t ion  methods f o r  h a n d l i n g  e i t h e r  

rorr .  o f  r-arket e q u i l i j r u i m  i n  a  l i n e a r  programming p l a n n i n g  model. The 

prscticiurc 1;;s p a r t i c ~ l a r  a p p l i c a t i o n  t o  s e c t o r a l  p l ann ing  rr,odels, and one 

slic':? : i pp l i ca t io i l  is g i v e n .  The e x p o s i t i o n  is i n  t h e  c o n t e x t  of  a s t a t i c  

zcdel (al::~cugh i t  can  r e a d i i y  b e  extended t o  a  dynamic model ) .  

?. - Con13ezl t ive  and Noncompeti t ive P roduc t  Markets  under Op t imiza t ion  

T~ AL:e s 2 e c i f i c a t i o n  of t h e  o b j e c t i v e  f u n c t i o n  f o l l o w s  from t h e  

il:-:c )Lr . , ~ r ; . , ~ ~ t  Eora :a b e  i n c o r p o r a t e d  in t h e  model. I n  t h e  compe t i t i ve  

I ,, , * . c . r > r . :  ,?ct a s  ; ) r i c e  tnkcrs ana equate marg ina l  c o s t s  t o  t h e  p r i c e s  

i . i n  :he aonopo l i s t i c  c a s e ,  t h e  s e c t o r  maximizes i ts  n e t  income 

\ , I .  , ,,: ; - t r g l : ; n i  ccst:; t r '  t i ; c  marg ina l  revenues  of p r c d u c t s .  

, 1; . ,11i  c i t .  ,,I c ~ x ; ~ ~ i ~ : f ~ i o ~ ~ ,  it is assunzd t l ~ n t  no c x t c r n n l  

' r . I I ~ I ~ , ~ I *  t-r.~.:jc\r L . ~ p p c ~ r t u ~ i F  t i e s  c a n  r e a d i l y  be' i n t r o d u c e d .  

. i  1, \ -  : ~ i . ~ , " l i ,  ;id~'ani;igc.:c oi,:;: i n  whc t a node1 is s p e c i f i e d  wi th  f i x e d  
. . ' .  .,,.,_, ... i . . :  ... , ;:.I; i ; . ~ i : t . t ~  .i::c! ~n:,:r$: i ~ i ; j l  su:lIfly p r i c e s  f o r  p r o d u c t s  a r e  

< : #  : - : ' d r ! : .  ; leC!? i ! . ~  < ~ U : I :  : < ~ ~ : ~ L ~ L I c ? I ~ .  



The set of domes t i c  n a r k e t  demand f u n c t i o n s  is w r i t t e n ,  assuming l i n e a r i t y ,  as 

p  = a + Bq ................................... (1) 

where p  is  a  C x 1 v e c t o r  of  p r i c e s  

a is  a  C x 1 v e c t o r  of  c o n s t a n t s  

3 is a  C x C n e g a t i v e  d e f i n i t e  m a t r i x  of demand c o e f f i c i e n t s  

q  is a  C x C v e c t o r  of q u a n t i t i e s  

D e f i n i n g  c(q)  a s  a C x 1 v e c t o r  of t o t a l  c o s t  f u n c t i o n s ,  L/ t h e  o b j e c t i v e  

func  :ion f o r  t h e  c o m p e t i t i v e  c a s e  becomes: 

Z = q '  (a + . 5  B q )  - c ( q )  .................... (2) 

where t h e  f i r s t  t e r n  of  t h e  RiiS is  t h e  a r e a  under  t h e  demand func t i%n ,  i. e . ,  

t h e  i n t e g r a l  of (1)  w . r . t .  t h e  v e c t o r  q .  S e t t i n g  t h e  d e r i v a t i v e  of (2) 

). w . r .  t .  q  e q u a l  t o  z e r o  y i e l d s  : 

which is t h e  e q u i l i b r i u m  c o n d i t i o n  of  p r i c e  e q u a l s  m a r g i n a l  c o s t .  

The o b j e c t i v e  f u n c t i o n ,  Z ,  c an  b e  decomposed i n t o  components which 

2  / co r r e spond  t o  consumer s u r p l u s  and p roduce r  s u r p l u s :  - 

11 The s u p p l y  f u n c t i o n s  of n programming model u s u a l l y  a r c  endogenous,  b u t  - - - t h a t  does  r ~ o t  a f f e c t  t h e  g e n e r a l i t y  of t h i s  e x p o s i t i o n  f o r  t h e  p roduc t  

'r demand s i d e .  

& 

c - L l  O f  c o u r s e ,  t h c  f u n c t i o n  ( 2 )  may b e  i n t e r p r e t e d  mere ly  a s  a r r e q u i l i b r i u m -  
e s e e k i n g  d e v i c e ,  t h u s  s i d e - s t e p p i n g  t h e  c o n t r o v e r s i e s  s o r r o q d i n g  t h e  
0 M a r s h a l l i a n  s u r p l u s e s .  (See ,  f o r  example,  Mishan (1968) . )  -However, i f  

i.t is  a c c e p t e d  a s  a s o c i a l  u t i l i t y  f u n c t i o n ,  some i n t e r e s t i n g  p r o g r a m i z g  
c x p e r i n e n t s  a r e  p o s s i b l e ,  a s  o u t l i n e d  l a t e r  i n  t h i s  p a p e r .  An a l t e r n a -  
t i v e  i n t e r p r e t a t i o n  of t h e  o b j e c t i v e  f u n c t i o n  is  p o s s i b l e ;  i t  can b e  
i n t e r p r e t c d  a s  t h e  p r o f i t  f u n c t i o n  of a d i s c r i m i n a t i n g  monopo l i s t .  Such 
a n  i n t e r p r e t a t i o n ,  o f  c o u r s e ,  i s  h a r d l y  t e n a b l e  f o r  a  s e c t o r  p l a n n i n g  
modei ,  p a r t l y  on 2ccount  of problems of s e p a r a b i l i t y  of m a r k e t s ,  b u t  
a l s o  because  of t h e  f a c t  t h a t  t h e  demand f u n c t i o n s  would r e q u i r e  some 
r e - i o r m u l a t i o n  on a c c o u n t  of income e f f e c t s .  



- r o r  sny d i f f c r e n ~ i a b l e  s e t  c f  deelcnd f u n c t i 3 n s  a  s i m i l a r  r e s u l t  ho lds :  

the a 7 p r o p r i a t e  a s x i n a n d  f o r  t h e  c o m p e t i t i v e  e q u i l i b r i u m  s o l u t i o n  is  

O f  c o u r s e ,  i n  mathe- t h e  s i m  of p roduce r  and consumer s u r p l u s e s .  - 

x a t i c z i  programing f o r m u l a t i o n s ,  max imiza t ion  is g e n e r a l l y  cons t r a i n e d .  

2 / 
?!-:e a p ? r o p r i a t e  o b j e c t i v e  f o r  t h e  m o n o p o l i s t i c  c a s e  is:  - 

which y i e l d s  t h e  e q u i l i b r i u m  c o n d i t i o l  t h a t  

where t h e  l e f t- hand  term i s  a v e c t o r  of  marg ina l  r evenues .  

I n  bo th  c a s e s ,  t h e  maximand i n v o l v e s  a  q u a d r a t i c  form i n  q .  

Problems a r i s e  i n  p r a c t i c e  because  n o r - . l i n e a r  programming models r a p i d l y  

approach  t h e  bounds of  computer t echno logy  a s  t h e  models  become l a r g e .  

?or  t h i s  r ea son ,  approxi rna t ion  p r o c e d u r e s  were s o u g h t  i n  o r d e r  t o  t a k e  

a d v a a t a g c  of t h e  c o m p u t a t i o n a l  e f f i c i e n c i e s  of l i n e a r  p r o g r a m i n g .  Two 

such  p rocedures  have  been  developed;  t h e  f i r s t  f o r  t h e  c a s e  where 

fSs: -  i~n,!t.cs of t h e  c o e f f i c i e n t s  of  I3 a r e  a v a i l a b l e ,  and  t h e  second where 

less In:ormacion is t o  b e  h a d  on t h e  s t r u c t u r e  o f  demand i n t e r r e l a t i o n s h i p s .  

I /  T k l s  c b j e c t i v e  Func t ion  is e s s e n t i a l l y  i d e n t i c a l  t o  Samuelson's  "nec 
cn?ci:i l payof  5" Eunct i o n ,  exccp t t h a t  he  i n c l u d e s  i n t e r r e g i o n a l  t r a n s -  
->cr:n t i 9  co5 ts whereas h e r e  o n l y  n s i n g l e  p o i n t  i n  s p a c e  is  t r e a t e d .  
PC!. S,~rn-Jso:~ ( 1 9 5 2 ) .  The same o b j e c t i v e  F u n c t i o n  is e l a b o r a t e d  i n  
, , . v  . ~ ~ i l f i - p r z ~ d u c t  c a s e  by Takayama and Judge  (1964) .  P o s s i b l e  a p p l i c a -  
&.  L.,I~, :Q 7 . ~ 1 -  : c u l t u r e  have been  d i s c u s s e d  by Yaron,  P l e s s n e r ,  and  Heady 
, ..Aj l r j -  : > I  & ~ d  a n  a c t u a l  a , 2 p l i c a t i o n  ( i n  a  d i f f e r e n t  form t h a n  p r e s e n t e d  
i.1 t ! ~ i s  was  made by F a r h i  and V e r c u e i l  (1969) .  An a p p l i c a t i o n  
:n nch leve  c o r n ~ e t i ~ i v e  e q u i l i b r i u m  i n  t h e  marke t  f o r  i r r i g a t i o n  w a t e r  
r s s  xnde 3 y  Z:i ise nnc! F l i n n  ( i 9 7 0 ) .  

/ ,  i -  . . 
- A -e.;.;ner ( i ' S 7 1 ,  :recl:s : h i s  mnximnd w i t h  q u a d r a t i c  p r o g r a m i n g .  !le - 

:is(' c : t i * ~ ~ ; ~ ; ) i  , t rLc tures  f o r  t h e  " l e a d i n g  f i r m "  marke t  f o m .  



I n  t h i s  expos i t i on ,  i t  :s a s s m e d  t h a t  c o s t s  a r e  accounted f o r  i n  t he  

factor- supply a c t i v i t i e s  of a  programming model, s o  t h a t  t he  demand a c t i v i t i e s  

accour,t only f o r  t h e  a r ea s  under t h e  demand func t i on  ( i n  t r ~ e  competitive case)  

o r  t he  a rea  under t h e  marginal revenue func t ion  ( i n  t h e  monopolist ic case ) .  

For one product,  i n  the  compet i t ive  case ,  t h i s  a r e a  i s :  

and the  corresponding revenue func t i on  is 

............................... R = q ( a  f Sq) (9) 

These a r e  t he  func t i ons ,  together  wi th  t he  corresponding demand func t i ons ,  

sketched i n  Figure  1, assuming only t h r e e  segments i n  t he  approximation. 

Figure  1 



The convex i ty  of e i t h e r  f u n c t i o n  fo l lows  from t h e  convex i ty  of 

a xell-behaved d e ~ a c d  s e t .  T h i s  i n  t u r n  may b e  demonst ra ted  by r e f e r e n c e  

t3 c?.e p r o p e r t i e s  of t h e  Hess i an  r ~ t r i x  of de tached c o e i f i c i e n t s  of t h e  

j C ;  -- 2=25nd func t i0 r . s .  For l i n e a r  demand f u n c t i o n s ,  W and R a r e  n o n l i n e a r .  

, - zoTh-?vsr, d i r e c t  s e g c ~ n t a t i o n  of W ( o r  R) , r a t h e r  than  t h e  demand f u n c t i o n ,  

pz rzL t s  a r b i t r a r i l y  c l o s e  a p p r o x b a t i o n  t o  t h e  n o n l i n e a r i t y  i n  a  l l n e a r  

1 1' p r o g r ~ ~ . i n g  n o d e i ,  w i t h o u t  i n c r e a s i n g  t h e  number of rows i n  t h e  model. - 

This  i s  shown i n  t h e  f o l i o w i n g  s e c t i o n .  

3 .  Zne L? Tableau f o r  t h e  S e p a r a b l e  Case 

I n  t h e  s ing le- produc t  c a s e ,  t h e  l i n e a r  p r o g r a m i n g  t a b l e a u  

corresponding t o  t h e  segmented approximat ion  of  t h e  f u n c t i o n s  W and R f o r  

one produc t  i s  t h e  f o l i o w i n g ,  t ak ing  e q u a t i o n  (8) a s  t h e  maximand and equa- 

tlcn (9)  as an incone  c o n s t r a i n t ,  o r  i n c o n e  accoun t ing  equa t ion :  

Tableau I 

Produc t ion  a c t i v i t i e s  S e l l i n g  a c t i v i t i e s  

<::J jr(:c ~ v p  f d : 7 ~ t i c : l  - C 
i - C 2  * .  ' -C 

w1 w 2  w 3  ... wS (Max) 
m 

i'o--;:. 1.1 i t y  b a l  ancc 2 7 ,  ... 
6 n - q l - q 2 - q 3  ...- qs 2 0  

- 
. . r - . . l -  ,, ..r!. c 35:s < ! s s o i l i d t ~ i d  w: :h t h e  p roduc t ion  a c t i v i t i e s ;  ' i 

C - 
%: . .I .? p i : : ~ s i c ~ !  cu:prl:..; of :he produc t ion  a c t i v i t i e s  a t  u n i t  K v e l ;  - i 

w t 
. ?  1 - n  

I 

- Lv , v'1:ccs of i d  co-respondi.ng r o  q . 
S s * 

... , . , - . 
..:-I L' . . I  ;!T: .:;;;>; . . ; s n : i c ; :  of c:;e g r i i - 1  l r .ea.r izat iori '  t echn ique  of  
.- . , - ( > +  , . .- i .  5i.d C. !.!S;121. !:i353) 37d G .  Hadiejl (1964) .  

s e p a r a b l e  



r a r e  va lues  of R corresponding t o  qs; s 

4s 
a r e  the  t o t a l  q u a n t i t i e s  s o l d  a t  t h e  l i m i t  of each segment 

of the  f u n c t i o n  W; 

Y*> 0 is  the  t a r g e t  l e v e l  of producer ' s  incomes, - ~ h i c h  is  s e t  

equal  t o  ze ro  ( o r  a t  any non-negative va lue  such t h a t  the  

c o n s t r a i n t  i s  non-binding) , f o r  t h e  compet i t ive  case .  I t  

becomes t h e  o b j e c t i v e  f u n c t i o n  i n  t h e  monopolis t i c  case ;  a d  

s = 1, 2, . .. , S is  t h e  segment index.  

Note t h a t  i n  Tablebu 1, no more than two a c t i v i t i e s  from the  s e t  

of s e l l i n g  a c t i v i t i e s  (each ccrresponding t o  one segment i n  t h e  approxima- 

t ion)  w i l l  e n t e r  the  opt imal  b a s i s  a t  p o s i t i v e  l e v e l s .  Th i s  may b e  seen by 

r e f e r e n c e  t o  the  W-function i n  f i g u r e  1: a  l i n e a r  combination of more than  

two p o i n t s  is a  l i n e  i n t e r i o r  t o  the  piece-wise e f f i c i e n c y  f r o n t i e r  OABC. 
A. - - - -- -- -- -- -- 

---.- - 
Tableau 1 is  a  t r ans format icn  ( u s i n g  elementary row and column 

opera t ions )  of an i n i t i a l  t ab leau  which embodies add i  t i v e l y  s e p a r a b l e  

s2gments wi th  a s e p a r a t e  bound f o r  each segment. This  i n i t i a l  t ab leau  is 

as fol lows:  

Tableau 2  

Product ion a c t i v i t i e s  S e l l i n g  a c t i v i t i e s  

Objec t ive  func t ion  -r 
1 -C2 " '  -C  m P1 P2 P3 " '  Ps (Max) 

Income c o n s t r a i n t  - c 
1 

Commodity balance 
y 1  y2 ym 

-1 -1 - l a. . . - 1  s o  

- 1 \< K l  
E 
I 

1 6 K 
, . =? m:. 2  

.a 

Demand segment 1 d K 3  

c o n s t r a i n t s  
. . 

i G kS 



wliere 2 and m a r e  p r i c e s  and ~ a r g i n a l  r evenues  c o r r e s p o a d i n g  t o  segments 
S S 

s of t h e  deinand i u ~ c t i o n .  I t  z i l l  b e  noted  t h a t  Tab leau  2 co r re sponds  t o  

s e g z e n t i a g  t h e  d a a n d  acd  z a r g i n a l  r evenue  f u n c t i o n s  a s  s t e p  func t ion ; ,  

r a t h e r  ;ban t o  t h e  l i n e a r i z a t i o n  of t h e  W and R f u n c t i o n s  which u n d e r l i e s  

The p r i n c i p a l  advancage  of Tableau  1 ove r  Tableau  2 i s  t h a t  t h e  

denand f u n c t i o n  ( o r  a r e a  f u n c t i o n  W )  c a n  b e  approximated  a s  c l o s e l y  as 

d e s i r e d  w i t h o u t  r e q u i r i n g  a d d i t i o n a l  c o n s t r a i n t s  i n  t h e  program. The 

nuz~ber cf s e l l i n g  a c t i v i t i e s  i n c r e a s e s  as t h e  number of l i n e a r  Fegments 

i n c r e a s e s ,  b u t  t h e  number of  rows r ema ins  c o n s t a n t .  

The approach i s  r e a d i l y  extended t o  two o r  more p r o d u c t s  which are 

a t l d i t i v e l y  s e p a r a b l e  i n  demand, w i t h  one commodity b a l a n c e  p e r  p roduc t  and 

one convex combinat ion  c o n s t r a i n t  p e r  p roduc t .  For example,  w i t h  t h e  

i i  rs t c o n ~ o d i  ty  ' s  id - fucc t ion  be ing  segmented i n t o  two p a r t s  o n l y ,  correspo.1d- 

ir,g L O  q .  and q12, and t h e  second comrnodi t y  ' s  W-f unc t i o n  b e i n g  segmented 11 

i n ~ a  t h r c c  p a r t s ,  co r r e spond ing  t o  q ,  , q22 ,  and q t h e  approximat ion  i n  - 1 23 ' 
. G,'~n;r!c i n c n r  p r ~ ~ g r a n  t a k e s  the form of t h e  f o l l o w i n g  t a b l e a u :  

Table  3 

? r o d u c t i c n  a c t i v i t i e s  S e l l i n g  a c t i v i t i e s  
Gcod 1 Good 2  

- ------- 
i '. , L ; 4 , .  cx ttzlt t ~ . , ~ t  ;~on- l ,near  i unc  t i o r i s  a r c  i n c o r p o r a t e d  i n t o  p l ann ing  -. 

! s ,  p i r t ~ . r  i z c  L s : ,  ice 3 5  i t ep  fu r i c t ions  is  a comqon procedure .  For 
* :  T C  ( ~ I I L  r:.:..:ill' i , see  ?i.iacEw:>n ( ;971)  pp 66-69. 



~ h e r ~ .  c a r e  c o s t s  f o r  t h e  i
th 

product  i n  t h e  jth a c t i v i t y  producing it: 
i j 

Y i  i 
a r e  u n i t  o u t p u t s  of t h e  i t h  p rodcc t  i n  t h e  j th a c t i v i t y  producing i t ;  

- 
d e f i n e  t h e  q u a n t i t i e s  of t h e  ith product. corres2onding t o  t h e  j 

t h 
q i  j 

segment; 

w a r e  v a l u e s  of W corresponding t o  t h e  j
th 

l e v e l  of t h e  i 
t h  

i j 

c o m o d i t y ;  and 

r a r e  t h e  v a l u e s  of 3 corresponding t o  tile jth l e v e l  of t h e  i 
t h  

i j  

commodity. 

4. S u b s t i t u t i o n  i n  Demand 

I n  t h e  even t  t h a t  two o: more pro6ucts  a r e  no t  s e p a r a b l e  i n  

demand, t h e  n o n l i n e a r  demand s e t  can  b e  l i n e a k i z e d  d i r e c t l y ,  t o  an  
I 

a r b i t r a r i l y  c l o s e  a p p r o x i s a t i o n ,  by s p e c i f i c a t i o n  of a c t i v i t y  v e c t o r s  

r e p r e s e n t i n g  p o i n t s  on t h e  demand s u r f a c e  and by i n c o r p o r a t i n g  an a p p r o p r i a t e  

convex combination c o n s t r a i n t .  An example of  t h e  t a b l e a u  i n  such a  c a s e ,  

f o r  two products  and s i x  segments p e r  term i n  t h e  o b j e c t i v e  func t iun ,  i s  

a s  fo l lows:  

Table  4 

Product ion a , c t i v i t i e s  S e l l i n g  a c t i v i f i e s  
Good 1 Good 2  

OS j cc t i v e  f u n c t i o n  - -C1j -C2j  W1l "12 W13 W21 w 22 w 23 (Max) 

Income c o n s t r a i n t  'z -c  
l j  

- C 
2 j  

r r r r r r 
11 1 2  1 3  21 22 23 'Y* 

Commodity ba lance  1 = 
'lj %I %I -11 -q12 -q12 '-%2 r 0 

I B7.:- :. . Commodity balance  2  
'2j -%I -q22 -q23 -%I -q22 -%3 

3 0 
, 

5.3% -- , . . 
Convcx combination cons t r n i n t  1 1  1 1 1  1 6 1 

where t h e  symbols a r e  def ined a s  i n  Tableau 3 .  

I 



i n   he above t r e a r z e n t ,  i t  Is assumed t h a t  t h e  e l e n e n t s  of  the 

marrix 3 ,  i n c l u a i n g  o f f- d i a g o n a i  e l emen t s ,  i n  e q u a t i o n  (1) a r e  known o r  can 

b e  e s  t i n a t e d .  F r e q u e n t l y ,  t h e  a v a i l a b l e  i n f o r m a t i o n  c o n s i s t s  o n l y  of  

e s t l n a t e s  of cwn- price e l a s t i c i t i e s  f o r  a  number of  i c d i v i d u a l  commodi t i e s  

, . ard co:.rcGrtv z roups  . 
-. 
1 n c  b ;s i s  of t h e  ap?roximat ion  p rocedure  developed f o r  t h i s  s i t u z -  

t i o n  of l i 9 i t e d  i n f o r m a t i o n  is t h e  assumpt ion  t h a t  comnodi t ies  can  b e  

c l a s s i f i e d  i n t o  groups ,  such t h a t  t h e  marg ina l  z a t e  of s u b s t i t u t i o n  

i s  z- ro Setween a l l  g r  )ups b u t  non-zero and c o n s t a n t  w i t h i n  each group.  

C l e a r l : ~  r!:is a s s u z p t i o n  is o n l y  an  approx ima t ion  t o  r e a l i p y .  A group ma? 

c o n s i s c  of one o r  mJre commodit ies ,  and l i m i t s  a r e  de f ined  on t h e  v a r i a-  

b i l i t y  of :he conrnoaity mix w i t h i n  each  group.  The r e l e v a n t  p o r t i o n s  cf 

t h e  i l l d i f f e r e n c e  s u r f a c e  w i t h  r e s p e c t  t o  two c o m ~ o d i t j e s  i n  a g roup  a r c  

sho;n i n  f i g u r e  2 .  The r a y s  OC and OD i n  t h e  f i g u r e  d e f i n e  t h e  l i m i t s  oa 

t k e  : o z ~ o s i t i o n  of t h e  corraodity bund le .  

F i g u r e  



a 
~f s l f f i c i e n t  i n f o r m t i o n  is a v a i l a b l e  t h e  zpproach  can  b e  ex t znded  to  

l i n e a r  segments  p e r  i n d i f f e r e n c e  cc:ve, each  segment  r e p r e s e n t i n g  a  d i f f e r e n t  

v a l u e  of t h e  ?RS.  

Cons ide r  a  group c o n s i s c i n g  of C commodit ies .  The a p p r o p r i a t e  

LP t a b l e a u  may b e  r e p r s s e n ~ e d  da f o l l o w s :  

Tableau  5 

?rod~:c t i o n  
RHS S e l l i n g  a c t i v i t i e s  

a c t i v i t i e s  - 

O b j e c t i v e  f u n c t i o n  - C Id1 ., . W . . . WS . . . (Max) 
S 

Income c o n s t r a i n t  -C R1 . . . Rs . . . RS . . . 3 Y* 

Comaodi t y  b a l a n c e s  

Convex combina t ion  
c o n s t r a i n t  1 ... 1 ... 1 ... - ,< 1 - - 

where s - I ,  2 ,  . . . , S i s  a  segment i ndex ;  

C is  a  row v e c t o r  of p r o d u c t i o n  c o s t s ;  

Y is a  C-rowed m a t r i x  of p roduc t ion  c o e f f i c i e n t s  e n t e r i n g  t h e  

commodity b a l a n c e s  ; . 
W s ,  R a r e  1 x  C v e c t o r s  ( E  a r e a s  under  t h e  demand f u n c t i o n  and  gross 

S 

r evonues  r e s p e c t i v e l y  ; and 

-3 
Qs is a  C x  C m a t r i x  of a d j u s t e d  q u a n t i t i e s  a s  d e f i n e d  below' 

I n  T a f l e a u  5 ,  each of t h e  b l o c k  of a c t i v i t i e s  R - Qeiil 
s s s--A 

c o ~ . s : i t l l t e s  n s e t  o f  " nix ing"  a c t i v i t i e s  f o r  one  segment of  t h e  c o m p o s i t e  

demand f u n c t i o n  f o r  t h e  corninodity g roup ,  T h i s  b i o c k  of a c t i v i t i e s  can b e  

writtcn a s :  



1 - -qscm "' 
I 

t - q s c 1  q s c 2  1 -qscMJ 
where  t h e  e l e s e n t s  a r e  as d e f i n e d  below.  

- - -  - 

The d e r i v a t i o n  of f o n z u l a e  f o r  t h e  e l e m e n t s  o f ( l O )  is  t e d i o u s ,  

E e r a ~ . s e  t h e y  t a k e  a c c o u n t  of s h i f t s  b o t h  be tween  a n d  among s e g m e n t s .  T h e  

- - - 
s t a r t i n g  p o i r ~ t  i s  a se t  of  o b s e r v e d  p r i c e s  {p l ,  .... p c ,  ..., pC) a n d  o f  

- - - ..., ..., q u a n t t ~ i e s  !ql, q,, qC].  R e l a t i v e  p r i c e s  o f  commodi t i es  i n  t h e  

g r ~ ~ ~ , ?  srs assumed f i x e d ,  b o t h  w i t h i n  and  b e t w e e n  segments,  and a r e  d e f i n e d  by 

C o r r e s p o r d i n g  t o  t h e  o b s e r v e d  se t s  of  p r i c e s  aqd  q u a n t i t i e s  a r e  a  

,;~:,;nl i t : ~  i n d e x ,  

- - - 
q = L q  PC .......................,.......( 1 2 )  

C 

);ii 

r and 2 > r i c e  i p d e x , ,  i 
- - - -  
q = $ pc q c / V  . . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 1 3 )  
- - 

. . , ! I I  r t s  V = q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 1 4 )  
L <> 

I c  is nssczed  :hat  a: e s t i m a t e  e x i s t s  cf a demand f u n c t i o n  f o r  - 
. . 3 , ?  < ~ t h  L ; ) r i< i  inc!ex a s  a f u n c t i o n m f  a  q u a n t i t y  i n d e x ,  a s  i n  e q u a t i o n s  . 

:;d ( 1 3 ) .  Assuile ;or a x c z e n t  t h a c  n o  s u b s t i t u t i o n  o c c u r s  anong  

cc:ni?t.)d; t i e s  ( i .  e . ,  t h a ~  iiiel; ~ i r c  consuncd  i n  t h e  f i x e d  o b s e r v e d  p r o p o r t i o n s )  , 

s;::: :I 2: :he dcnar, l  fc:?c:.on is s e g r n e n ~ e d  i n  S s e g n e p t s .  Then t h i s  c a s e  

c c r r ~ s ? o ~ d s  :o T a b I e z u  5 ,  -*,hi<> is  a s i m p l e  e x t e n s i o n  of t h e  s i n g l e  p r o d u c t  

L t i r , c 2 .  (1:iIy t h e  S C ~ ?  5,: < ~ c t i v i ; i e s  a r e  shown. 



T a b l e  4: C C o ~ n o d i t i e s  i n  F ixed P r o p o r t i o n s  

S e l l i n g  A c t i v i t i e s  

0.0 j e c t i v e  f u n c t i o n  

Income c o n s t r a i n t  

C o m o d i ~ y  b a l a n c e s  

I n  Tab l eau  6 ,  i t  i s  e v i d e n t  t h a t  

(Max) 

>/ Y* 

3 0 

o 

- - 
q s c  

- a c  Vs . . . . .. . . .. . .  . (15) 
t h  

v h e r e  a - - / Qs, t h e  obse rved  p r o p o r i i o n  i n  p h y s i c a l  u n i t s  of t h e  c 
c  - q c  

corvaodity and V is t h e  t o t a l  q u a n t i t y  s o l d  i n  t h e  s
t h  

segment .  i n  
S 

p h y s i c ~ l  u n i t s .  W and Rs a r e ,  o f  c o u r s e ,  computed f rom t h e  demand f u n c t i o n  
s 

w i t h  a p p r o p r i a t e  p r i c e  and q u a n t i t y  i n d e x e s ,  a l t h o u g h  i n  Tab l eau  6 ,  t h e  

w e i g h t s  a r e  a l l  c o n s t a n t .  The p r i ce- we igh t ed  t o t a l  q u a n t i t y  is: 

To ex t end  t h e  c a s e  of  demand i n  f i x e d  p r o p o r t i o n s  v i t h i n  a  g roup ,  - - 
if is supposed t h a t ,  f o r  C c o m n o d i t i e s ,  t h e  s e t  of f e a s i b l e  a l t e r n a t i v e  I 
A x e s ,  as p r o p o r t i o n s  i n  p h y s i c a l  t e r m s ,  is g i v e n  by  t h e  m a t r i x  A ,  assumed 
r - 
m It I 

f o r  s i n p l i c i t y  t o  b e  i n v a r i a n t  a c r o s s  s egmen t s .  I . I 
i 



~ : i ~ s r ?  c  = I ,  ..., C c o r m o d i t i e s  i n  t h e  group;  

- = -  ... ,, ..., !.I n i s e s  of  t h e  commodit ies;  and 

is t h e  ; l r o p o r i i o n  i n  p h y s i c a l  terms of t h e  cth c o r n o d i t y  i n  t h e  
a C L  

rr 'n 
s mix,  s c c h  t h a t  

Ia = l .  
C c: 

T h e  e l e n e a t s ,  a  d e f i n e  t h e  r a y s  shown i n  F i g u r e  2 .  c n  ' 
T h e  e l e x e n t s  i n  m a t r i x  Q i n  e q u a t i o n  set  (10)  can now be  d e f i n e d  a s :  

s - 
= a .... s cz cm Vs :ac;= / :acmpc ( i 8 )  

whit' d i f f e r s  from t h e  e x p r e s s i o n  f o r  q  (consumption i n  f i x e d  p r o p o r t i o n s )  
S C 

i n  e q u a t i o n  (15) by t h e  f a c t o r  ~a c~ / ;acmpc whlich r e f l e c t s  t h e  changing  

cordr.odity w e i g h t s .  Using e q a a t i o n  (16)  , e q u a t i o n  (18)  c a n  b e  re-wr i t t e n  a s  
I - 

= n q; / Ca ............ (19) 
q s C 3  cm c cm c  

' l h t  p r i c e - z e i g h t e d  t o t a l  q u a n t i t y ,  qgm, i s  g i v e n  by: 

I,,,: i s ,  :; e --- prir:e wi.ig:7ted q u a n t i t y  --- of t h e  a g g r e g a t e  commodity is  independen t  
7- . -  

B 
,)i - -  tl:c - -  cfirzo;ii-ty n i x ,  and i t  c n n  be  w r i t t e l l  a,s q*. Us ing  t h i s  r e s u l t ,  

S 

crci:1. . '  i o n  ( :b )  (ai l  s i m p  l i f  iccl 3s f o l l o w s :  

i- - 3 .  r , * / i z  - - ..................... 
s 1.' 

(21) 
(-11 , c cn+ c - 

' ? 
L 



1 
I T h i s  comple tes  t h e  d e f i n i t i o n  of  t h e  e l emen t s  of t h e  m a t r i x  Q s i n  e q u a t i o n  
i 
i 
1 s e t  ( 1 0 ) .  By e q u a t i o n  (20) ,  q* i s  i n v a r i a n t  w i t h  respe.:: t o  t h e  commodity 

- S 

I ~lh, S O t h a t  t h e  e l emen t s  of w and r a r e  i n v a r i a n t  o v e r  t h e  mixing  a c t i v i -  
S S 

I t i e s .  They a r e  computed e x a c t l y  as i n  t h e  s i n g l e  p r o d u c t  c a s e ,  u s i n g ,  

however,  q* i n  p l a c e  of  q . To r e- c a p i t u l a t e ,  i f  t h e  demand f u n c t i ~ n  is 
S S 

l i n e a r ,  then:  w  = qz  (a - 1 / 2  3 q z )  and 
s 

r = q: (a - b $ )  
S 

The demand s i d e  of a  p l a n n i n g  model may b e  c o n s t r u c t e d  t o  

i n c o r p o r a t e  a  number ~ f  p roduc t  g r o u p s ,  some of which c a n  c o n s i s t  of a  

s i n g l e  coninodity. Se tweer  p r o d u c t  g r o u p s ,  t h e  MRS i s  z e r o ,  and  w i t h i n ,  i t  

is c o n s t a n t ,  and  g i v e n  by  t h e  i n v e r s e  of t h e  p r i c e  r a t i o .  I t  is t h i s  l a s t  

p r o p e r t y  which l e a d s  t o  t h e  cons t ancy  of consumer s u r p l u s  (ws - r s )  and 

of  consumer e x p e n d i t u r e  ( r  ) w i t h i n  a  comniodity g roup .  
s 

Thz cons t ancy  of t h e  HRS can  r e a d i l y  b e  shown f o r  t h e  c a s e  of 

ua p r o d u c t s ,  shown i n  Tab leau  7 ,  where  a g a i n  o n l y  t h e  s e l l i n g  a c t i v i t i e s  

a r e  i nc luded .  

T a b l e a u  7c Two C o m o d i t i e s  i n  a Segment 
b I r 

. l c t i v i t y  l e v e l  x 
1 X 2  

O b j e c t i v e  f u n c t i o n  w w 
8 S 

(tiax) - - 
Income c o n s t r a i n t  r  r 3 Y* '5 

S S - * - * C c p o d i t y  b a l a n c e s  
q s l l  -qs12 3 0  . r - 
qS21 -qs22 

3 0  - 
Convex combina t ion  

c o n s t r a i n t  1 1 < I  

By t h e  c o n s t a n c y  of w and r movement a l o n g  a  g i v e n  i n d i f f e r e n c e  
s s ' 

f u n c t i o n  r e q u i r e s  changes  i n  t h e  a c t i v i t y  l e v e l s ,  x and x ~*-hich a r e  1 2 ' 
e q u a l  b ~ t  of  o p p o s i t e  s i g n .  Wi thout  l a c k  of g e n e r a l i t y ,  c o n s i d e r  t h e  two 

2.- m 



~ a i s s  (q = 1, x 2  = 0) anti ( x  = 0, x 2  = 1 )  
.. 1 

Then t h e  ,"IRS is g i v e n  by 

c q c a t i o n  ( 2 2 ) ,  d r o p p i n g  the! s u b s c r i p t  s ,  and  q* which  is  common t o  a l l  t e r m s .  
s 

/ g - a12 / ac2Dc .............. - - (22) 

- a  /I acZpc  a 2 1  "clPc 22 

3 y  e x p a n d i n g  and r e- a r r a n g i n g  ( 2 2 ) ,  

which  is t h e  r e q u i r e d  r e s u l t ,  

Con~arat ;ve S t a t i c s  -- - 

' c h i s  s p e c i  f i c n  t 1 o n  of commodity demand s t r u c t u r e s  i n c o r p o r a t e s  

on? c h ~ r a c t e r i s t i c  w h i c h  m i ~ k e s  i t  p a r t i c u l a r l y  c o n v e n i e n t  f o r  o b t a i n i n g  

1 1.:; . ~ r n t  i v c  r i  t i ~ t i c s  s o l r ~ t  I o n s .  T h i s  i s  t h a t  t h e  demand f u n c t i o n ,  f o r  

br -" .- * . .-.> .~r.-.~ ~or:.~i.crir:y g r o u ? ,  c a n  I,(. r o t a t e d  m e r e l y  b y  a n  a p p r o p r i a t e  change i n  t h e  

I 
,r?:~sr.rs i:? t v ' l l u e  of t h e  c c n v e x  c o m b i n a t i o n  i n e q u a l i t y ,  i . e . ,  t h e  m a t r i c e s  

C 



F i g u r e  3 
- -- 

P r i c e  

Q u a n t i t y  Quan t i ty  

The o r i g i n a l  demand f u n c t i o n  and co r re spond ing  W f u n c t i o n  is  shown a s  D D 
1 1  

and OW r e s p e c t i v e l y ,  and t h e  r o t a t e d  demand f u n c t i o n  and co r re spond ing  
1 

W f u n c t i o n  by D D and OW r e s p e c t i v e l y .  I f  t h e  o r i g i n a l  demand f u n c t i o n  i s  
1 2  2 

p  = f ( q )  ............... ( 2 4 )  

i t  is  r e q u i r e d  t h a t  t h e  t ransformed f u n c t i o n  c a n  b e  expres sed  a s  

Such a fo rmula t ion  r e a d i l y  accomodates s h i f t s  i n  t h e  demand f u n c t i o n  due e . g . ,  

t o  changes  i n  p o p u l a t i o n  and /o r  p e r  c a p i t a  incomes.  The r o t a t i o n  upwards 

of  t h e  demand f u n c t i o n  i s  expres sed  a s  a  p r o p o r t i o n a l  l eng then ing  of th'e 

segments ,  w i th  p r i c e  h e l d  c o n s t a n t .  For t h e  s e g m e n ~ e d  W f u n c t i o n ,  t h e  

s l o p e  of  t h e  l i n e a r i z e d  f u n c t i o n  i n  each  segment,  b e i n g  t h e  approx ima t ion  

t o  p r i c e  w i t h i n  t h a t  s e g s e n t ,  is  e q u a l  f o r  b o t h  W1 and W 2  f o r  co r r e spond ing  

E 
segments .  11 s i m i l a r  c o n d i t i o n  h o l d s  f o r  t h e  l i n e a r i z e d  R f u n c t i o n ,  .*+ere 

t h e  s l o p e s  a r e  approx ima t ions  t o  m a r g i n a l  r evenue  w i t h i n  t h e  segment.  

Given l i n e a r i t y ,  and t h e  cons tancy of  t h e  s l o p e s  of  t h e  segnented  f u n c t i o n s  

w i t h i n  each segment,  t h e  c o e f f i c i e n t s  i n  t h e  W and R m a t r i c e s  can b c  
s s 

expressed a s  s i m p l e  m u l t i p l e s  of t h e  co r re spond ing  q u a n t i t i e s .  T h i s  i s  l o n e ,  

f o r  t l ic  t ransformed den.-lnd f u n c t i o n ,  i n  Tableau  6 .  where a g a i n  on ly  t h e  



- l a b l z a u  3 :  T r a n s f o r m e d  Demsnd F u n c t i o n  

c)b j ecti1.e f u n c t i o n  kq w' ... kqsw' s...kq W '  (Max) - 
1 1  s S 

C;nvex zc : - l j ina~lc?n  
cons : ra i r , t  1 ... 1 ... 1 i 1  

wherz w' and r '  & r e  s i r p l y  w and  r d i v i d e d  b y  q s ;  a n d  
S S S S 

k i s  t h c  f c c c o r  of p r o p o r t i o n a l i t y  by  w h i c h  t h e  q u a n t i c y  demanded 

increases a t  z. g i v e n  p- : ice .  

S i 2 p l y  b y  d i v i d i n g  a i l  t h e  e l e n e n t s  of e a c h  a c t i v i t y  b y  k ,  a n d  

nu1 t i p 1 p l . i ~  t h r o u g h  t k e  c o n v e x  c o m b i n a t i o n  c o n s t r a i n t  b y  k ,  t h e  p r o g r a m  

: ~ i c : ?  t h e  ~ r a n s f c r n c d  deinand f u n c t i o n  in T a b l e a u  8 c a n  b e  s e e n  t o  r e d u c e  t o  

a ?ioar::n w i t h  c o e i f  i c i c n c s  i n  t h e  c o ~ ~ s t r a i n t  m a t r i x  i d e n t i c a l  t o  t h o s e  

. - 
,)i: or-e  t i le  d~na i , c i  c r a n s f o r c n t i o n ,  b u t  v i t h  k r e p 1 a c i r . g  u n i t y  on t h e  

. . 
- L <  . C  i . p n : ~  ~ : z t  ;: t h e  corlvcx c o m b i n a t i o n  c o n s t r a i n t .  T h i s  r e s u l t  is r e a d i l y  

r >.! ., , ~ : ~ b , i  L C .  t ' : c  cor:~:. at! i t y  i:rr>up c : l s ~ ,  a s  c a n  b e  sccn by r e p l a c i n g  q wii!: 
S 

. . , . 
: I ; ,  L:: :.'ie : . i .~jei ' ; ive func~ion 2nd income c o n s t r a i n t ,  b y  r e ? l a c i n g  w' and. 

. . 
s 

7 

i . : ; C T  i .  s W' and R '  l'' and by  r e c a l l i n g  t h a r  ri le 
r; s S 

r : : ~ '  . i %.. , i : ;  i i : ; ,  ic>c.ni>i!i L-; ' r~ : , i ; ln r : r~ : - :  c a n  !IC l v ~ r i . t t e n  as  s c a l a r  n u l t i p l e s  

- 
( 1  r c  . ,,-, - 

'!bC' ! ~ ~ ~ r i ! c ; c i - : ~ - : l r _  ( 1 1  ! ! ~ e  denland s t r u c t u r e  permits c o r n p u t n t i o n n l l * <  
L 

. . ; . ; , ; > I , ?  - ,  3 , . L , . T , * ; . ; - i ( : .  ~ . -  . . 
& . -  ;,.L-:?.:;:I!: ;:r 211e p o s i t i o n  of t h e  denand  f u n c t i o n .  I t  - - 

. . s 
; I  ;.,,. <.Ip%:; t i ;<. ;,t;.-;.-.i!,Lli t v ,  i n  n l a r g e r  s y s t e m ,  o f  e n d o g e a o u s l y  d e t e r n i ~ i i n g  .. 

i;c,r,i t b c  p ~ ~ s i c i o i ~  91 ti]<' dc>n,l~lc: f u n c t i o n s  and  tne p o s i t i o n  o n  iL.  

<- 4. ' ! j , ;: , >; ,: 6 .--... .- 
- I - .  oifl?r n".Ixl!lp i i c t < ~ i t i e s ,  i s  a  s c a l a r .  



I n t e r c a t i o n a l  T rade  

A r e p r e s e n t a t i o n  of i n t e r n a t i o n a l  t r a d e  c a n  r e a d i l y  b e  i n c o r p o r a t e d  

i n t o  t h e  s t r u c t u r e s  developed  i n  t h i s  a r t i c l e  i n  t h e  u s u a l  W d j  i n  which i t  

i s  i n c o r p o r a t e d  i n t o  p l ann ing  models ,  t h a t  i s ,  by a d d i n g  commodi ty-spec i f ic  

i q o r t i n g  a c t i v i t i e s  a s  a d d i t i o n a l  " product ion"  a c t i v i t i e s  and s i m i l a r l y  

by add ing  e x p o r t i n g  a c t i v i t i e s  a s  a d d i t i o n a l  s e l l i n g  a c t i v i t i e s .  Again ,  

a s  u s u a l ,  i t  is p o s s i b l e  t o  s p e c i f y  impor t  supp ly  ( e x p o r t  demand) a s  

b e i n g  i n f i n i t e l y  e l a s t i c ,  a s  b e i n g  i n f i n i t e l y  e l a s t i c  b u t  bounded, o r  a s  

b e i n g  r e p r e s e n t e d  by  a n  upward s l o p i n g  s u p p l y  (downward s l o p i n g  demand) 

s c h e d u l e .  I n  t h i s  l a s t  c a s e ,  i t  i s  p o s s i b l e  t o  app rox ima te  t h e  non- 

l i n e a r i t i e s  i n v o l v e d  by t h e  methods developed  above. N o t i c e ,  however, 

t h a t  i t  i s  o n l y  p o s s i b l e  t o  s p e c i f y  a  m o n o p o l i s t i c  f o r m u l a t i o n  of e x p ~ o r t  

s u p p l y ,  o r  a  monopson i s t i c  f o r m u l a t i o n  of impor t  demand, u n l e s s  t h e  

o b j e c t i v e  f u n c t i o n  and t h e  s cope  of t h e  model r e p r e s e n t s  mu l t i- coun t ry  w e l f a r e .  

When t r a d i n g  o p p o r t u n i t i e s  a r e  i n c l u d e d  a s  o u t l i n e d  above,  t h e  

i.odel c a p t u r e s  t h e  d i f f  ( : ren t  t r a d i n g  p o s i t i o n s  p o s i t e d  by p r i c e  t heo ry  and 

depending  on r e l a t i v e  domes t i c  and f o r e i g n  s u p p l y  and demand f u n c t i o n s  and 

on whether  t h e  o b j e c t i v e  f u n c t i o n  i s  chosen  t o  , r e f l e c t  c o m p e t i t i v e  o r  inono- , 
e 

p o l i s t i c  behav iou r .  For cxamplc, i n  t h e  monopol i s t  c a s e ,  f i n a l  p roduc t  

, i m p o r t i n g  a c t i v i  t i e s  n e v e r  e n t e r  t h e  o p t i m a l  b a s i s ,  and t h e  model r e p r c d u c e s  

' i 
t h e  expec t ed  two- pr ice  behav iou r  wfien t h e  f o r e i g n  m a r g i n a l  revenue  f u n c t i o n  - - 1 / l! e s  above t h c  domes t i c  marg ina l  *venue f u n c t i o n .  - - 

m 

i /  Onc c a s e  which t h e  s t r u c t u r e  w i l l  not hand le  is  t h e  monopo l i s t  c a s e  where - 
e i t h e r  o f  t h c  demand f u n c t i o n s  i s  of t h e  doub le- log  form and where t h e  
e l a s t i c i t y  of demand is l e s s  than  u n i t y  i n  a b s o l u t e  v a l u e .  I n  t h i s  c a s e ,  
marg ina l  revenue  is  n e g a t i v e ,  b u t  i n c r e a s i n g ,  i . e .  t h e  f u n c t i o n  i s  non- 
convex.  



Soae n u z e r i c z i  r e s i l t s  w i t h  t h e s e  demand s t r u c t u r e s  were  o b t a i n e d  

x i t h  t h e  xodel. f o r  Mexican a g r i c u l t u r e ,  CHAC. - I' Here  i t  is r e l e v a n t  t o  

c o i e  t h e  t r z d e - o f f s  between s e c t o r  i n c o n e  and consumers '  " wel fa re"  which 

o c c s r s  i n  moving f rom t h e  c o n p e t i t i v e  t o  t h e  m o n o p o l i s t i c  s o l u t i o n .  I n  

C?!-tiC, tvo  d e f i n i t i o n s  of g a i n s  t o  p r o d u c e r s  we re  u sed :  f a r ~ e r s '  income 

cnd f a c e r s '  p r o f i t s .  The former  i n c l u d e s  own-wages, whe rea s  t h e  l a t t e r  

does  20 t .  P r o p e r  r e p r 2 s e n t a t i o n  of m o n o p o l i s t i c  b e h a v i o u r  r e q u i r e s  

n a s i z i z a t i c n  of p r o d u c e r s '  p r o f i c s  r a t h e r  t h a n  t o t a l  income. 

S u c c e s s i v e l y  h i g h e r  lower  bounds we re  p l a c e  on f a r m e r s '  p r o f i t s  

co s l l - u l a t e  s u p p l y  c o n t r o l  r eg imes ,  and  f i n a l l y ,  a t  t h e  ex t r eme ,  f a r m e r s '  

p r c f i t s  w e r e  n a x i x i z e d .  T!le f o l l o w i n g  t a b l e  shows t h e  n u n e r i c a l  r e s u l t s :  

T a b l e  1. 

I ~ , r ~ . f - r t a g e  Supply C o n t r o l  S o l u t i o n s  ? l o n o p o l i s t i c  
change i n :  - A: I I I 111 s o l u t i o n  

t.:s i 2 c  t t-:e f unc t i  on -C.I - 0 . 1  - 0 . 1  - 0.2 

;;; - . . , : i ; ~ ;  i l : ~  t r i  ccrr;;I.~c~: i L ivc, s o t ~ : t i i . n .  - 
i 

. , .  ; , i  .,b < . ! > i i ~  t r ; l i .n;  L I I I  : . . i l x ~ i j r s '  p r o f i t s .  '9 
- - - 
br: : ; . c  : . ? : , l c  , i L ;.ay hc, s e e n  t h a t  t h e r e  i s  v e r y  l b t l e  " w e l f a r e  . - 

0 

10s a5 - . c . ~ l ~ i u r r ' d  c r ~ . J e I v  i ~ . .  a g g r e g a t i n g  t h e  s u n  of consumer and p roduce r  



1 / 
s u r p l u s e s ,  i n  moving f r o a  t h e  c o m p e t i t i v e  t o  t h e  m o n o p o l i s t i c  s o l u t i o n .-  

There  is  , however, a  marked i n c r e a s e  i n  f a r m e r s '  income and a  c o r r e s p o n c i n g  

d e c r e a s e  i n  consuraer s u r p l u s .  

Conc lus ions  

F i r s t ,  t h i s  paper  h a s  devzloped  a p r a c t i c a l  p rocedure  f o r  
i 
1 
I 

e n f o r c i n g  b o t h  c o m p e t i t i v e  and n o n c o m p e t i t i v e  marke t  s t  -uc t u r e s  by means 

o f  t h e  o p t i m i z a t i o n  i n h e r e n t  i n  l i n e a r  programming. The p rocedure  h a s  t h e  

p r o p e r t y  t h a t  a r b i t r a r i l y  c l o s e  app rox ima t ions  t o  n o n l i n e a r  forms - i n  b o t h  

t h e  o b j e c t i v e  f u n c t i o n  and c o n s t r a i n t  s e t  - can  b e  made w i t h o u t  much l o s s  of 

t h e  compu ta t iona l  c f  f  i c i e n c y  of  t h e  s i m p l e x  a l g o r i t h m .  I n  t h i s  r e s p e c t ,  

t h e  paper  ex t ends  t h e  i d e a s  of  M i l l e r  (1963) and i n t e g r a t e s  them w i t h  t h e  

work on market  forms i n  ma thema t i ca l  programming by Samuelson (1952) and 

Takayama and Judge  (1964,  1971).  

Second, i t  h a s  shown t h a t  t h e  noncompe t i t i ve  marke t  s t r u c t u r e  

nay b e  used f o r  measu r ing  income a t  endogenous p r i c e s  i n  a  c o m p e t i t i v e  

model ,  and t h u s  may s e r v e  a s  a  c o n s t r a i n t  on t h a t  measure  of income t o  

r e p r e s e n t  c e r t a i n  c l a s s e s  of economic p o l i c i e s .  T h i r d ,  i t  h a s  developed  

a p rocedure  f o r  app rox ima t ing  p r o d u c t  s u b s t i t u t i o n  e f f e c t s  i n  demand i n  a  

C 

l i n e a r  program. A l t e r n a t i v e  p r o c e d u r e s  a r e  p r e s e n t e d  f o r  t h e  c a s e s  of f u l l  

and p e r t  La1 informn t i o n  on t h e  m a t r i x  of own- and c r o s s - p r i c e  e l a s t i c i t i e s .  - - 
Thc demand s t r u c t u r e  can  ve ry  s imp ly  be  t r ans fo rmed  t o  t a k e  accoun t  of any -3 

L - s h i f t  i n  demand which can b e  represented by o r o t a t i o n  of t h e  demand f u n c t i o n .  .c 

w a 
v F o u r t h ,  i n t e r n a t i o n a l  t f a d e  can  b e  i n t e g r a t e d  i n t o  t h e  s t r u c t u r e .  

11 P l e s s c c r  (1971) f i n d s  t h a t  r a t h e r  more s i ~ n i f i c a n t  w e l f a r e s  l o s s e s  -- 
would b e  imp l i ed  by  monopoly i n  t h e  a p p l e  and p e a r  marke t s  i n  I s r a e l .  
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